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Abstract 

For a matched pair of locally compact quantum groups, we construct the double crossed product as a 
locally compact quantum group. This construction generalizes Drinfeld’s quantum double construction. 
We study C‘-algebraic properties of these double crossed products and several links between double 
crossed products and bicrossed products. In an appendix, we study the Radon-Nikodym derivative 
of a weight under a quantum group action, following Yamanouchi and obtain, as a corollary, a new 
characterization of closed quantum subgroups. 


1 Introduction 


In this paper, we study the so-called double crossed product construction in the framework of locally compact 
quantum groups, generalizing Drinfeld’s quantum double construction and bringing it into the topological 
setting. 


The history of locally compact quantum groups goes back to the 1960’s, when G. Kac tried to answer the 
following basic question: is it possible to unify locally compact (non-abelian) groups and their dual objects 
into one theory? A positive answer was given by Kac, Kac & Vainerman and independently, by Knock 
& Schwartz. They defined what Knock & Schwartz called Kac algebras, see |^] for an overview. In the 
1980’s, several new examples of objects certainly to be considered as quantum groups, were constructed and 
were shown not to be Kac algebras. Henceforth, many efforts were made to enlarge the definition of Kac 
algebras to include these new examples and in particular, to include Woronowicz’ compact quantum groups, 
see ^ . Many important contributions have been made by Skandalis & the first author ||^ , Woronowicz 
[ p0| , Masuda & Nakagami |11 and Van Daele [^. Finally, the theory of locally compact quantum groups 
was proposed by Kustermans and the second author in P, ^ . 


One of the most celebrated constructions in the early, algebraic theory of quantum groups is Drinfeld’s 
quantum double construction [Q. More generally, Majid defined the double crossed product for mutually 
matched Hopf algebras, yielding Drinfeld’s quantum double when a Hopf algebra is matched with its dual 
in the canonical way. 


It is a natural idea to perform analogous constructions in the topological framework of locally compact (l.c.) 
quantum groups. In fact, the double crossed product construction was developed for multiplicative unitaries 
in Q (it is called Z-produit tensoriel, there). Nevertheless, some extra conditions had to be imposed in order 
to obtain the double crossed product and it was not clear if they were satisfied for all matchings of two 
multiplicative unitaries. 


In this paper, we show that any matching of l.c. quantum groups allows to perform the double crossed product 
construction and to obtain again a l.c. quantum group. In particular, the quantum double of a l.c. quantum 
group is again a l.c. quantum group: a result already shown for Woronowicz algebras by Yamanouchi 

The notion of a matching of l.c. quantum groups was developed by Vainerman and the second author in [ p^ 
and the bicrossed product was constructed. We explain all these different constructions in a more detailed way 
for a matching of ordinary l.c. groups. One says that a pair of l.c. groups Gi, G 2 is a matched pair, if there 
exists a large group G, such that Gi, G 2 are closed subgroups, satisfying Gi fl G 2 = {e} and such that the 
complement of G 1 G 2 has Haar measure zero in G. In fact, this allows to define an action {ag)g^Gi of Gi by 
(almost everywhere defined) transformations of the measure space G 2 (not by automorphisms) and an action 
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(/3s)sgG 2 of ^2 by transformations of the measure space Gi such that ag{s) (3s{g) = gs almost everywhere. 
Conversely, one can say that Gi, G 2 are matched when they act on each other in such a compatible way. 
Such a compatible pair of actions allows to reconstruct the l.c. group G, this is the double crossed product, 
and to construct a l.c. quantum group with underlying von Neumann algebra Gi L°°{G 2 ), this is the 
bicrossed product. 


In the quantum setting, a matching of two l.c. quantum groups was defined in |p^ as a compatible pair of 
actions of the two quantum groups on each other. So, it is a natural question if one can find the double 
crossed product, i.e. a big l.c. quantum group such that the matched quantum groups are closed quantum 
subgroups and such that the matching is determined by this inclusion in the double crossed product, as above 
by the equation ag{s) Psig) = gs. In our main result. Theorem 5.3 below, we show that there alwa ys e xists a 
double crossed product quantum group and we calculate its structural ingredients. In Proposition 7.1 below, 
we show that the notions of a matched pair and a quantum group with two closed quantum subgroups are in 
bijective correspondence. 


In Skandalis and the authors studied the C*-algebraic features of the bicrossed product associated with 
a matched pair Gi, G2 C G of l.c. groups. The main result was that the bicrossed product is regular if and 
only if G = G1G2 homeomorphically, while it is semi-regular if and only if G1G2 is an open subset of G. 
Examples of non-semi-regular l.c. quantum groups were given using examples of matched pairs Gi, G2 C G 
such that G1G2 has empty interior in G (but, as needed, G1G2 is of full Haar measure in G). The fact 
that G = G1G2 homeomorphically can be expressed in C*-algebraic terms as Go(G) = Go(Gi) ® Go(G2), 
while the fact that G1G2 is an open subset of G becomes Go(Gi) ® Go(G2) C Go(G). In Section ||, we 
study the same kind of C*-algebraic questions in the quantum setting and provide, in particular, the same 
kind of necessary and sufficient condition for the bicrossed product to be (semi-)regular. More specihcally, 
regularity is equivalent with the equation = Ai A 2 and semi-regularity with Ai ® A 2 C Am, where 
Ai,A 2 and Am denote the C*-algebras associated with the two matched quantum groups and the double 
crossed product, respectively. 


The structure of the paper is as follows: we hrst recall the necessary preliminaries in Section |^, in particular 
the basics of the theory of l.c. quantum groups and the main results on matchings and bicrossed products 
from Sections || are the core of the paper: we define the double crossed product for a matched pair 
and prove that it is a l.c. quantum group. In order to do so, we have to produce the Haar weights and we will 
need a continuous interplay between the double crossed product and the bicrossed products, about which 
we already know a lot from In the short Section ||, we show how actions of double crossed products 
on von Neumann algebras and actions of bicrossed products are related by an intermediate von Neumann 
algebra in the Jones tower. In Section we prove the bijective correspondence between a matched pair and 
a quantum group with two closed quantum subgroups in a good position w.r.t. each other. The example 
of a (generalized) quantum double construction is treated in Section H and we deal with the C*-algebraic 
features of our constructions in Section 


One of our major tools is the Radon-Nikodym derivative of a weight under a l.c. quantum group action, 
as developed originally by Yamanouchi |2^. In an appendix. Section ^ we give a simplified account of 
Yamanouchi’s interesting results. As an application, somehow aside of the main line of our paper, we give a 
characterization of closed quantum subgroups as von Neumann subalgebras invariant under the comultipli¬ 
cation and the antipode. 


Acknowledgment The authors would like to thank Georges Skandalis for many fruitful discussions on the 
topic of this paper. 


2 Preliminaries 

We use the following conventions: (g) will denote, depending on the case, the tensor product of Hilbert spaces, 
von Neumann algebras or C*-algebras. There should be no confusion. The domain of an unbounded mapping 
S is denoted by D{S). We write a for the flip map on the tensor product M ^ M oi two von Neumann 
algebras and E for the flip map on the tensor product of two Hilbert spaces H ® H. 
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2.1 A little bit of weight theory 

Let v? be a normal, semi-finite, faithful (n.s.f.) weight on a von Neumann algebra M. Then, we write 

A4^ = {x € M~^ I (p(x) < 00 } and JV:p = {x £ M \ (p{x*x) < 00 } . 

We represent M on its GNS-space H and obtain a GNS-map A : A/"^ —> H. Denote by {at) the modular 
group of tp. 

Suppose that fc is a strictly positive, self-adjoint operator affiliated with M and satisfying at{k) = 
for all t £ K and a number A > 0. Then, we can define a new n.s.f. weight pk which is formally given 
by pk{x) = p{k^^^xk^^^). For a precise definition, we refer to Q. We also get a canonical GNS-map 
H for the weight pk, which is formally given by K^^{x) = 

2.2 Locally compact quantum groups 

Our references for the theory of l.c. quantum groups are |^, 

Definition 2.1. A pair (M, A) is called a (von Neumann algebraic) l.c. quantum group when 

• M is a von Neumann algebra and A:M^M(g)Misa normal and unital ^-homomorphism satisfying 
the coassociativity relation : (A (8> t)A = (t O A)A. 

• There exist n.s.f. weights p and ^ on M such that 

— is left invariant in the sense that y((w O l)/S.{x)') = p{x)u}{l) for all x G AlJ and lo G M+, 

— i)! is right invariant in the sense that ip[{L ® a;)A(a:)) = '0(x)a;(l) for all x G AlJ and uj G M+. ^ 


Fix such a l.c. quantum group (M, A). 

Represent M in the GNS-construction of p with GNS-map A : A/”^ ^ H. We define a unitary W on H ^ H 
by 

W*(A(a) O A(6)) = (A (8> A)(A(6)(a O 1)) for all a, 5 G . 

Here, A ® A denotes the canonical GNS-map for the tensor product weight p ® p. One proves that W 
satisfies the pentagonal equation: Hi 2 bFi 3 H 23 = 1 ^ 231 ^ 12 , and we say that W is a multiplicative unitary. 
It is the left regular representation. The von Neumann algebra M is the strong closure of the algebra 
I UJ G B(iL)*} and A(x) = W*{l®x)W, for all x G M. Next, the l.c. quantum group (M, A) has 
an antipode S', which is the unique cr-strong* closed linear map from M to M satisfying {l®uj){W) G D{S) 
for all UJ G B{H)^ and S(6 ® a;)(IF) = (t ® u;)(IF*) and such that the elements (t(8)a;)(IF) form a cr-strong* 
core for S. The antipode S has a polar decomposition S = RT_t /2 where R is an anti-automorphism of 
M and (rt) is a strongly continuous one-parameter group of automorphisms of M. We call R the unitary 
antipode and (tj) the scaling group of (M, A). From |^, Proposition 5.26 we know that a{R 0 R)A = AR. 
So pR is a right invariant weight on (M, A) and we take ip := pR. 

Let us denote by (at) the modular automorphism group of p. From |^, Proposition 6.8 we get the existence 
of a number 1 / > 0, called the scaling constant, such that ip at = ip for all t G M. Hence, we get the 
existence of a unique positive, self-adjoint operator 6 affiliated to M, such that at{S) = v* 5 for alH G K. and 
ip = ps, see 1^, Definition 7.1. The operator S is called the modular element of (M, A) and the canonically 
associated GNS-map is denoted by F : TV)/, —> H. Because of the right invariance of ip, we find another 
multiplicative unitary, denoted by V and called the right regular representation: 

P(r(x) (g) r(y)) = (F ® r)(A(x)(l (g) y)) for all x,y £ . 

The scaling constant can be characterized as well by the relative invariance pxt = v~^ p. 

The dual l.c. quantum group {M, A) is defined in Q, Section 8. Its von Neumann algebra M is the strong 
closure of the algebra {(a;(g)6)(IF) | uj G B{H)^.} and the comultiplication is given by A(x) = SIF(x(g 1)IF*S 
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for all X £ M. On M there exists a canonical left invariant weight Lp with GNS-map A : N(p H and the 
associated multiplicative unitary is denoted by W. From Q, Proposition 8.16, it follows that W = YW*T.. 
Since (M, A) is again a l.c. quantum group, we can introduce the antipode S', the unitary antipode i?, the 
scaling group (A) and the modular element 5 exactly as we did it for (M, A). Also, we can again construct 
the dual of (M,A), starting from the left invariant weight (p with GNS-construction From |^, 

Theorem 8.29 we have that the bidual l.c. quantum group (M, A) is isomorphic to (M, A). 

We denote by (at) the modular automorphism groups of the weight (p. The modular conjugations of the 
weights ip and (p will be denoted by J and J respectively. Then it is worthwhile to mention that 

R{x) = Jx*J for all x £ M and R{y) = Jy*J for all y £ M . 

Some important relations involving J and J are 

JJ = i/V4jj^ W* = (J (g) J)WiJ (g) J) , V = (J (g J)EW*T,(J (g J) . 

The modular operators of ip and p are denoted by V and V, respectively. Finally, we introduce the implemen¬ 
tation P of (tj) as the unique strictly positive, self-adjoint operator on H such that P*‘A(a;) = v*^‘^A(Tt(x)). 
We mention that P = P, i.e., P is as well the implementation of (rt). For all kinds of relations between the 
operators on iJ introduced so far, we refer to Proposition 2.4 in p^ . 

Every l.c. quantum group has an associated C*-algebra of ‘continuous functions tending to zero at infinity’ 
and we denote them by A and A: 

A := [(t G uj){W) I uj £ B(iJ),] , i = [(w (g) i){W) \ u £ B(H)4 , 

where we use the following notation. 

Notation 2.2. When A is a subset of a Banach space, we denote by [A] the closed linear span of A. We 
sometimes use a notation like [(t g lo)(W)] instead of [(6 g uj){W) \ uj £ B(H)^,], because w will always run 
through B(iJ)* for the appropriate Hilbert space H. 

For any multiplicative unitary W on a Hilbert space iJ, we introduce (following [|^ ||) the algebra C(W) by 
the formula 

C(W) := {(6®u;)(EW) | w £ B(H)^} . 

We say that (M, A) is regular (see Q) if [C(W)] = }C{H), the compact operators on H. We say that (M, A) 
is semi-regular (see j^) if }C{H) C [C(W)]. From Proposition 2.6 in ||], we get that 

[C(W)] = [JAJ i] . 

Not all l.c. quantum groups are semi-regular, see |Q. 

2.3 Actions of l.c. quantum groups 

We use as a reference for actions of l.c. quantum groups, but we repeat the necessary elements of 

the theory. Let (M, A) be a l.c. quantum group and N a von Neumann algebra. A faithful, normal *- 
homomorphism a : N ^ M g N is called a (left) action of (M, A) on A if (A g) i)a = (i g a)a. One can 
define the crossed product as 


M^xN = (a(N) UMg 1)" £ B(H) g N . 

Given a n.s.f. weight 6 on N, one can define the dual weight 6 on the crossed product M aX N. Representing N 
on the GNS-space Hg of 9, we get a GNS-map Ag : Afg ^ Hg. From Q, Definition 3.4 and Proposition 3.10, 
we get a canonical GNS-construction for 6 on the Hilbert space H g Hg, with GNS-map determined by 

(x gl)a{y) 1 -^ A(x) g Ag{y) for x & N^,y & Afg 
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and where these elements (a;( 8 )l)a( 2 /) span a core for the GNS-map, when we equip M q,k N with its cr-strong* 
topology and H ® Hq with the norm topology. 

If we denote by Jg the modular conjugation of 6 and by Jg the modular conjugation of the dual weight 6 in 
the canonical GNS-construction for 0, we can define the unitary Ua = Jg{J^Jg), which is called the unitary 
implementation of a, see ||l^. It satisfies 

UaGM^B{Hg), {A ^ L){Ua) = Ua, 23 Ua ,13 and a{x) = Ua{l ® x)U* for X e iV . 

Because U* is a corepresentation of (M, A), we get that Ua G yi{A®lC[Hg)), where A C M is the C*-algebra 
associated with (M, A). 

If a : A —> M ( 8 > A is an action, the fixed point algebra is denoted by A“ and defined as the von Neumann 
subalgebra of elements x € A satisfying a{x) = 1 G x. 

Up to now, we dealt with left actions, but this is only a matter of convention. We can (and will) also consider 
right actions a : N ^ N of (M, A) on a von Neumann algebra A, which means that {a®L)a = (rG Aja. 

2.4 Bicrossed products of l.c. quantum groups 

We give a quick overview of some of the results of Fix two l.c. quantum groups (Mi, Ai) and (M 2 , A 2 ). 

Definition 2.3. A normal, faithful *-homomorphism m : Mi ® M 2 ^ Mi ® M 2 is called a matching of 
(Mi,Ai) and (M 2 ,A 2 ) if 

(Ai (gi i)m = m 23 mi 3 (Ai (gi t) and (i (g) A 2 )m = mi 3 mi 2 (r (g) A 2 ) . a 

We fix a matching m of (Mi, Ai) and (M 2 , A 2 ). As in |^, we define 

a : M 2 ^ Ml (g) M 2 : a(x) = m(l (g x) and (3 : Mi ^ Mi (g M 2 : /3(y) = m(j/ (g I) . 

Then, a is a left action of (Mi, Ai) on the von Neumann algebra M 2 , while /3 is a right action of (M 2 , A 2 ^) 
on Ml. So, we can define two crossed product von Neumann algebras M and M on iJi ig M 2 : 

M = Ml Q,x M 2 = (a(M 2 ) U Ml g 1)" and M = Mi X /3 M 2 = (/3(Mi) U I g M 2 )" . 

In lisll , it is proven that we can define a l.c. quantum group structure (M, A) on the von Neumann algebra 
M such that M is the dual quantum group. The comultiplications on M and its dual M are given by 

Aa = (a g a)A 2 , (i g A)(IUi g 1) = IUi.m {{l g a)/3 g 6 )(IUi)i 453 , 

A/3 = (/3 g /3)Ai , (A g t)(I g W 2 ) = (t g (/3 g t)a)(IU2)2345 1 ^ 2,25 • 

The l.c. quantum group (M, A) is called the bicrossed product associated with the matching m of (Mi, Ai) 
and (M 2 , A 2 ). 

Define g) to be the dual weight on M of the weight g )2 on M 2 , with canonical GNS-map determined by 

A((a g 1)q!(x)) = Ai(a) g A2(x) for a € . 

Then, ip is the left invariant weight on (M, A) and the left regular representation is given by 

IU = (agt)(kF 2 ) 124 {l' ® /3)(Wh)l34 • 

Observe that, on Hi g H 2 , we have the modular conjugations J and J of the invariant weights ip and (p. So, 
we also have 

= J( Ji g J 2 ) G Ml g B(M 2 ) , a(x) = [/«(! O x)Ul , 

Up = J( Ji g J 2 ) G B(Mi) g M 2 , / 3 ( 2 /) = Up{y g l)U*p . 

Notation 2.4. Throughout Sections ^ -|^, we will fix a matching m of two l.c. quantum groups (Mi, Ai) 
and (M 2 ,A 2 ). All notations with indices 1,2 refer to ingredients of these l.c. quantum groups (Mi,Ai), 
resp. (M 2 , A 2 ). All notations without indices refer to the bicrossed product quantum group (M, A). Finally, 
we will discuss an associated double crossed product and then, the index m will be used. 
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3 Double crossed products: definition and multiplicative unitary 

The matching m of (Mi,Ai) and (M 2 ,A 2 ) leads naturally to a coassociative comultiplication Am in the 
following definition. 

Definition 3.1. Define the von Neumann algebra Mm = Mi 0 M 2 and 

Am : Mm ^ Mm ® Mm : Am = (t (8) crm (g) 0(AlP 0 A 2 ) . 

Then, Am is a co-associative comultiplication. A 

One of our main objectives will be to prove that (Mm, Am) is always a l.c. quantum group. We will explicitly 
calculate all the ingredients of (Mm, Am) in terms of (Mi, Ai), (M 2 , A 2 ) and the bicrossed product (M, A). 

Notation 3.2. We write Z = JJ{JiJi 0 J 2 J 2 )- 

Lemma 3.3. We have m(z) = ZzZ* for all z S Mi 0 M 2 . 

Proof. For x G Mi, we have 

Z(x 0 1)Z* = JUa(JixJi 0 l)f7^J = J{JixJi 0 1) J = Ujsfx 0 1)U^ = (3{x) = m(a; 0 1) . 

We analogously have m(l 0 a;) = Z(1 0 x)Z* for x G M 2 . □ 

It is easy to define a unitary implementing the comultiplication Am, but it is less easy to prove that this 
unitary is multiplicative. 

Definition 3.4. Define on i/i 0 i /2 0 Ffi 0 H 2 , the unitary 

Wm = (E'FrS)i3 ^3*41^2.24^34 • ^ 

Proposition 3.5. The unitary Wm is multiplicative and Am(2:) = W^(l 0 1 0 z)Wm for all z G Mm. 
Moreover, we have (m 0 i 0 t)(Wm) = ^ 341 ^ 2 . 24.^34 (LVi*S)i 3 . 

Proof. Let z G Mm. Then, 

VF* (1 0 1 0 z)Wm = ^3*4^2*24^34 (AF 0 t){z)i34 23*4M^2,24^34 

= Z34((/,0(.0 A2)(i0m)(AiP0O(.z))l324^34 = Am(z) . 

We now prove that Wm is a multiplicative unitary. 

Because the bicrossed product is a l.c. quantum group, its multiplicative unitary W satisfies (E(l 0 JJ)W)^ S 
C (we can apply Proposition 6.9 of Q). In essentially the same way as in the first paragraph of the 
proof of Proposition 8.14 of Q, it follows that (E(l ®U)Wm)^ S C, where U — (JiJi 0 JiJi)Z. Define 
iV := (M{ 0 1 U 0*(1 0 M 2 )^)"- We claim that UNU* C A). Clearly, UZ*{1 0 M 2 )ZU* = 1 0 M^ and this 
commutes with M{ 0 1. To prove that the commutator [1 0 M^, Z* (^1 0 M 2 )2’] = {0}, it suffices to check that 
[1 0 M 2 , JJ(1 0 M 2 ) JJ] = {0}. We know this, because 1 0 M 2 C M, the dual bicrossed product. Observing 
that, up to a scalar, U = 0*(Ji Ji 0 Ji Ji), we check in an analogous way that U{M[ 0 1)U* C N' and this 
proves our claim. Because, (E(l ®U)Wm)^ G C, we get 

^V^W^{lZ)U)Wm{U®U) gc , 

where Wm = Z,W^Ii and Vm = {H* 0 l)Wf,^{lA 0 1). From our claim, it follows that (1 ®U)Wm{U ®U) G 
B(iJi 0 H 2 ) 0 N' and hence, we get 

IFm(l 0 1 0 z)Wm = Cm( 2 ; 0 1 0 1)L(^ for all z G A . 
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So, for X G M 2 , 

W^{1 0 1 ® Z*{1 Z x)Z)W^ = V^{Z*{1 Zx)Z®l<Z i)K 

= {U* ® Z*)Wl2^{l Z J2J2XJ2J2 <z 1 0 1 )W 2 M^ «> Z) 

= {Z* <z Z*){A2 {x))24{Z Z z) . 

We conclude that Wm(2'*(l 0 x)Z ® 1 (g) l)Wj^ = {Z* g Z*){A 2 ^{x)) 24 {Z g Z). It is easy to check that 
Wi„(yglglgl)W^ = A^°P {y)i3 for all y G M[, where A'^ is the natural comultiplication on the commutant 
M[ given by A[{y) = (Ji g Ji)Ai(Ji?/Ji)(Ji g Ji) for y G M{. Then, we check that 

^ni3456 1234 ^m3456 — (EV\*E)i3(EV\*S)i 5 ^34^56kk2,24kk2,26-^34^56 — kkini234 ^^1256 ■ 

Hence, Wm is a multiplicative unitary. Then also 

(Ajn gig i)(Wi„) = lTnii256 ^in3456 

and a small calculation yields the formula (m g i g i)(lTm) = ^ 341 ^ 2 , 24-^34 (SV 4 *S)i 3 . □ 

In order to prove later that (Mm, Am) is a l.c. quantum group, we need the following remarkable lemma. 
Lemma 3.6. The following holds. 

a) m is a *-isomorphism, 

b) m(ri( g rf) = (rl^ g Tf)m for all f G M, 

c) m(i?i g R 2 ) = (i?i g i? 2 )m“^. 

If we write rjt = rlj g rf, then the elements (i g i g u;)(Wm), to G B(Hi g H 2 )* form a core for rj-i /2 and 

{Ri g R2)mr]_i/2{L g i gu;)(lTm) = (i g i g uj){W^) . 

Proof. If w = to^^rj, £,,ri G Hi Z H 2 , we take a basis (ei)i^i for Hi g H 2 and get 

(i g i g w)(TTm) = ^(i g U;e,,„)((ETi*E)i2) g (i g Wj.eJ (^ 2311 ^ 2 . 13 ^ 23 ) • 

i&I 

Using the closedness of ? 7 _i/ 2 , it is easy to conclude that (i g i g w)(lUm) G D{r]_i/ 2 ) and 
(i?l g^^2)?7-^/2(t«)i®w)(lUm) = (igigw)((SUiS)i3Z3*411^2*24^ 34 ) , 

for all to G B{HiZ H 2 )*. We claim that the elements (ig ig w)(lUm) provide a core for r]-i/ 2 - Denote by Dq 
the domain of the closure of the restriction of ri-i /2 to these elements. We have to prove that Do = D{r}_i/ 2 ). 
Taking to of the form [x g l)Z*to{l g a) for x G B(iJi) and a G M 2 , we observe that 

2 ; := (ig t g w)((SU4*E)i3Z34(Q;(a)(a; g l))34lT2.24) S Do 

and 

(i?i g R2)r]-i/2iz) = (ig t ga;)((SUiS)i3Z34(a(a)(x g 1))34 11 ) 2 * 24 ) • 

Any element of B(iJi) g M 2 can be approximated in the strong* topology by a bounded net of elements 
in a(M 2 )(B(iJi) g I) and in particular the element 1 g & for b G M 2 . So, we find that for all b G M 2 and 
to G Ji{Hi g M 2 )*, 

z := (igiga;)((EUi*E)i3^34((l®^)ll"2)24) S Do 

and 

(i?l g i? 2 )r/_i/ 2 (z) = (i g i g w)((SUiE)i3^3*4((1 0 &)1U2*)24) - 
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Taking in the previous formula uj of the form (1 ( g ) x)uj, with x € and using the fact that every element 
of B(i? 2 ) can be approximated by an element in M 2 M 2 , we arrive at 


(i 0 ® ((. 0 (^2)1^2) s Dq . 

So, we have proven our claim. In particular, we get that the elements {l® b® w) (^ 34 ^ 12 , 24^34 (Sl/j*E)i 3 ) 
are dense in Mi® M 2 , because the adjoints of these elements are dense in the range of (i?i ®R 2 )'n-i/ 2 , which 
in its turn is dense in Mi ® M 2 . Because of Proposition they are in the image of m and hence, m is a 
*-isomorphism. 

Combining with Proposition 3.5, we get that 

m“^(i?l ® i?2)?7-j/2((- ® L- ® Oj){Wm) = {b® L® Uj){W^) 
and the elements {b ® b (g)a;)(ITm) form a core. Completely analogously, one shows that 

m“^(i?i (g) R2)ri^/2{b ® b ® uj){W^) = {b® b® uj){Wn,) 
and now, the elements {b® b (ga;)(W,^) form a core for 77 ^/ 2 - It follows that, as unbounded mappings, 


m ^(i?i g i?2)?7-V2 = (m ^{Ri®R 2 )m/ 2 ) ^ =V-i/ 2 {Ri®R 2 )xa. . 


(3.1) 


So, still as unbounded mappings, we have 


V-i = {'n-i/2{Ri g i?2)ni)(m i(i?i g R2)V-z/2) = (m ^{Ri ® R2)V-z/2){V-z/2{Ri g I?2)m) 

and we conclude that (i?i gi?2)m?7_i = r]-i{Ri gi?2)m. The right hand side, is equal to (i?i gi?2)?7-irn and 
we get m 77 _i = rj-iin. From Sections 4.3 and 4.4 in it follows that m(rl(gr(^) = (ri(gT(^)m for all t S K. 
But then, also 77 _i/ 2 m = mri-if2 and we conclude from Equation (0 that m ^(i?i g R2) = (i?i g i?2)ni. 
Hence, we are done. □ 


4 More about bicrossed products 


We emphasize again that all notations without indices refer to the bicrossed product quantum group (M, A) 
associated to our fixed matched pair (Mi, Ai) and (M 2 , A 2 ), cf. Notation 


We give an explicit description of all corepresentations of the bicrossed product (M, A) and deduce from this 
result some useful information on the modular elements S and 5 of (M, A) and (M, A). 


Proposition 4.1. Suppose that X is a corepresentation of {M, A) on the Hilbert space K, i.e. X G MgB(it') 
and (A g i)(Ar) = A125X345. Then, there exists unique corepresentations y of (M2, A2) and z of (Mi, Ai) 
on K such that 

X = {a® b){y)zi 2 , . 

Conversely, if y and z are corepresentations of (M 2 , X 2 ) and (Mi, Ai) respectively, on the Hilbert space K, 
the formula X = (a® b){y)zi 3 defines a corepresentation X of (M, A) if and only if 


Zi3 J/23 ■Z’i 2^13-^12 £ M( g B(H2 g K) . 


Proof. Because we have a morphism from (M, A) to (Mi, Ai), we can define two actions of (Mi, Ai) on M. 
Explicitly, we have that 9 : M ^ M ® Mi is a right action of (Mi, Ai) while /i : M —> Mi g M is a left 
action and 9, fi are determined by 

(6> g t g (.)(!¥)= Wi 245('-g/9)(kFi)345 and (/r g t g t)(VF) = (t g/3)(VFi)i45lF2345 ■ (4.1) 

Because 9 is in fact the dual action on the crossed product M = Mi M 2 , we know that M® = a(M 2 ). 
Further, we observe that p = a(R® Ri)9R and so, M^ = a(M 2 ) as well. From Equation (pT|), we conclude 
that (X® b)9 = (b® b® 9)X. So, we calculate 

(A ® b® b^(^Xi2,i{9 g /.)(A)) = A 34 gAi 2 g(^' ® b ® 9 ® 7 ) (A 125 AI 345 ) = 1 g 1 g A^124(^ g ^)(^) 





and conclude that there exists a unique z S Mi 0 B{K) such that {9 ( 8 > t)(X) = X 124 Z 34 . Because applying 
9 ®i®i or t(g)t( 8 > Ai (g)(, to the left hand side of this equation gives the same result, we get (Ai ®l){z) = zi3Z23- 

Define 71 : Mi —> M : 71 (a) = a (gi 1. It is easy to check that 6*71 = (71 ® (.)Ai. If we apply i® 6*71 ® i 
to both sides of the equation {9 ® i){X) = A 124 Z 34 , we conclude that {9 ® t)(zi 3 ) = Z 14 Z 34 . But then, it 
follows that {9 ® i){Xzl^) = (Azi 3 )i 24 and, because = a{M 2 ), we can take y G M 2 ® B{K) such that 
Azi 3 = (a® i){y)- We conclude that X = {a ® i){y)zi 3 . We want to prove that (A 2 ® i){y) = ?/i 3 j/ 23 - 


Because A is a corepresentation and because of the formula for {9 ® i){X), we get {{9 ® l ® l)A ® l){X) = 
A 1 i 26 Z 36 -’^ 456 - Using Equation (^), we get that {9 ® l ® l)A = (i ® i ® y)A and so, we conclude that 
(/X ® i')iX) = Z14A234. Because A = (a (gi L){y)ziz and a{M2) = M^, it follows that 


{y ® l){zi 3) = [a® i)(y*)2342l4(a ® i)(y )234 Z 24 • 


( 4 . 2 ) 


Next, we get from Equation ( | 4 .l[ ) that /i(a;) = {l® / 3 )(IUi *)(1 ® x)(l. ® / 3 )(IUi) for all x G M. In particular, 
it follows that A71 = (71 ® /.)/i7i. Applying this to Equation ( | 4 . 2 [) , it follows that 

(A (gi i)(zi3) = (a 0 0(2/*)345-Zi5(a 0 0(2/)345 2:35 • 


Because A is a corepresentation and X = {a® b){y)zi^, we get 


{a ® i){y)l25Zl5 (<a ® t)(?/)345-Z35 — Ari25A345 — (A (g) i){X) 

= {{a ® a)A2 ® i){y) {a ® i){y*)'i4bZib{ct ® t)(y)345 -235 • 


It follows that ((a ® a)A2 ® i){y) = (a® i){y)i2b[a ® i)(y)345, which finally yields (A2 ® i){y) = yi32/23- 

The uniqueness statement is obvious from the given construction. To prove the converse statement, the 
formula zjfg 2/23 ^12-^13^12 G ® B{H2 ® K) is equivalent with 

■224 2/34 ^23-^24^23 Commutes with IU 172 , 


which is equivalent with 


Z 24 IU* 12 Z 24 2/34 ■Z’ 23 Z 24-^23 Wl ,12 — 2/34 ■Z’ 232 : 24-^23 ■ 


Using that z is a corepresentation of (Mi, Ai), the last formula is equivalent with 

^ 1*12 ■^ 23 ^ 24-^23 Wi^i2 = 2 / 34 ^ 142/34 ■^ 23 ^ 24-^23 ■ 

Applying Ad Z23 and using the fact that A(a (g) 1 ) = (i (g) I 3 ){W*) 134(1 (gi 1 (g) a (gi !)((. ® (i){Wi)i34 for a G Mi, 
the last formula is equivalent with 


(A ® i)(zi3) = (a (g) i){y*)34sZis{oi ® i){y)34b zss ■ 

Because y is a, corepresentation of (M2, A2) and Aa = (a (g) a)A2, it is clear that the final formula is 
equivalent with X = {a® i){y)zi3 being a corepresentation of (M, A). □ 

Proposition 4.2. There exist strictly positive, self-adjoint operators pi,p2 affiliated with Mi, M2 such that 


• , 5 ** = a{p 2 )( 5 f ® 1 ) and both factors commute; 

• S’’* = p(^pf)(l ® §2) and both factors commute; 

• Ai(pi) = Pi (g)pi and A2(p2) = P2 ® P2; 


• V = 

1/1 ■’ 


we have J 6 ^*J — JiS^ Ji ® P2 S2 J2S2 J2 , 

J5^*J = p-**5f JiJf Ji (g J2dp2 , 

[Dip 2 o a : Dip 2 ]t = m(pC“/^ (g) ® P2 > 

where we used the Radon-Nikodym derivative introduced in Definition 19 . 4 ; 
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• m leaves invariant 

There exist positive numbers Ai ^2 > 0 such that al{pY) = X^^pf and analogously for A 2 and they satisfy 

A2 _ 

Xi ixi 


Proof. Because <5** is a one-dimensional corepresentation of (M, A), there exist unique one-dimensional corep¬ 
resentations (i.e. group-like elements) Vt G Mi and ut G M 2 such that (5** = {vt ® l)Q;(ut). Because a and [3 
are morphisms we know that 

Ad((5*‘)oa = aoAd((5^‘) , 

Ad((5*‘)o/3 = /3oAd(,5f) , 

Then, 

A°P(ut ® 1) = (/3 ® ® 1 ® l)(/3 ® 0 W*) 1 

= ((/3 (g) l){Wi){I 3 o Ad(i 5 f) (g L)(Wf){vt (g 1 g 1 )) (g 1 = u* g 1 (g (g 1 . 

Hence, A°p( 5**) = A°P(('(;t g l)a(ut)) = {vt g l)a(ut) g (i5f g l)a(ut). Because is group-like, we conclude 
that Vt = S’f. 

At the end of this proof, we will argue that in a l.c. quantum group, the modular element commutes with 
any group-like unitary. So, (5** commutes with a{us) for all s,t G K.. As <5** commutes with 5®®, we get 
that commutes with for all s,t G K. This means that g is a one-parameter group 

of unitaries. Then, there exists a unique strictly positive, self-adjoint operator p 2 affiliated with M 2 such 
that 5®* = (jf g l)a(p 2 *)- By symmetry, we find pi and we have proven the first three statements of the 
proposition. 

Let a G and x G . Then, we have 

(a g l)a(x)5®* = (a g l)5^*a{8f^^x5f) = {aSf g l)a(pf . 

We conclude that 

A((agl)a(x)(5®‘) = { — )-*/^JiSf^*Ji(»pl*6f^*J2Sf^*J2)A({a^l)a{x)) . 

On the other hand, we know that 

A((a g l)a(a:)(5®*) = Jk{^{a ® l)a{x)) . 

So, V = ^ and J<5®‘J = JiJf Ji g pf^^blf J 252 J 2 . We find the formula for JJ®* J in an analogous way. 

From 1^, Proposition 2.4, we know that 

V®* = (5-®*/25-®‘/V5"®*/VJ(5®*/V . 


Ad((5®*) o a = a o Ad((52*) on M 2 , 
Ad(5®*) 0/3 = f3o Ad((5f) on Mi . 


We can take positive numbers Ai _2 > 0 such that al{pY) = X^^pY and analogously for A 2 (see the last 
paragraph of this proof). Because in any l.c. quantum group, Ad^®* = T-t Ad((5“®‘)tT_t on M, we easily find 
the required formula for [D(p 2 o ct : Dip 2 ]t ■= V®‘(Vj"®‘ g V^®*). We also get that i5“®®a(p2 = A|®*Q;(p 2 ) 

and 6"^*P{pY)S~'‘* = Aj"®®*/3(pj®). A short calculation yields that 5®*i5®® = (^)®®‘i5®®^®*. But, from the general 
theory, we know that <5®* 5®® = :/®®*i5®®<5®‘, giving us the equality ^ 


Consider A 2 ^ as an action of (M 2 , A 2 ^) on M 2 . Then, [D(p 2 o A^*’ : D(p 2 ]t = <^2 


(mcr g /,)((, g a)A 2 ^ and because, by Lemma 3.6 
our Appendix to conclude that 


' 1. Because (t g A 2 ^)a = 


m(rl( g r)^) = (tI^ g Tf)m, we can apply Lemma 10.4 of 


(t g k 2 ^){[Dip 2 o a : Dip 2 \t) = (mcr g l){52 ** g [Dip 2 ° ct : Dip 2 \t){^ g Slf g 1) . 


10 




Filling in the already obtained formula for [Dlp2 o a : DLp2]t and carefully rewriting, we arrive at the final 
statement of the proposition. 

As we promised above, we consider now a group-like unitary u G M for some l.c. quantum group (M, A). 
By the uniqueness of the Haar measure, we find A > 0 such that (p{uxu*) = \(p{x) for all x G M+. It follows 
that at{u) = X‘*u for all t G R. Because a group-like unitary is a one-dimensional corepresentation, we have 
u G D{S) and S{u) = u*. But, also u* is a group-like element and so S'^(u) = u. It follows that Tt{u) = u 
for alH G R and R{u) = u*. Then af{u) = which gives a^cr-tiu) = u and so, u commutes 

with for all t G R. □ 


5 Double crossed products as locally compact quantum groups 


In this section, we compute the invariant weights on (Mm, Am) and obtain that (Mm, Am) is a l.c. quantum 
group. We compute all the operators associated with (Mm, Am). 


Notation 5.1. We use pi,p 2 to denote the unbounded operators introduced in Proposition 4.2. We define 
strictly positive, self-adjoint operators ki, k 2 such that 


kf = pfand = pfS^^* . 


In order to obtain invariant weights for (Mm, Am), we need the following relative invariance result of the 
weight ip 2 under the action a. 

1 /2 

Proposition 5.2. For all x G Apa, ^ G Hi and rj G D{ki ), we have ® i){U^a{x)) G and 

T2{{L0^,r, ® o){U*0aix))) = ® 0){U*pUc.)T2ix) . 

1/2 

On the other hand, for x G ffipi, f G H 2 and rj G D{k 2 ), we have 

ri((t(8)W{.,,)(C/*/3(x))) = . 

Proof. Consider the dual weight 'ip 2 on M with a canonical GNS-map F determined by 

f ((a (g) l)a(a::)) = Ai(a) 0 r 2 (x) for all a G Af^^, x G ■ 

We denote by V the modular operator of tp 2 in this GNS-construction. Observe that tp 2 = {^ 2)62 and hence, 
■02 = Fa(S 2 )- It then follows from |Q, Proposition 2.5 that 

where S is determined by ,Ff(2:) = f('2*)- From Proposition |4.2| , it follows that 

V*‘ = a{5lf){l ® Jsdf J 2 )V*‘ = ® J 2 Sl^ J 2 )[D<P 2 o a : D^ 2 ]t{^i ® V^‘) 

= m(pr‘/" g P2”*‘^'<52‘)(pr‘^'<5f ® pf "52-*‘)(Vf O Vf) = /3(fcr'‘)(Vf g Vf) , 
where V 2 denotes the modular operator of 'ip 2 - 

We know that the elements a{x*){p g r 2 (y)), x,y G A/^j, p G span a core for S and 

Sa{x*){p g F 2 (y)) = a(y*)(JiVj^^p g r 2 (x)) . 

It follows that 

V^/^aix*){p g r2(2/)) = g J2j/V2)[/,(Vy V g J2r2(cr)) . 


II 



Because the product of and 0^2 yields the one-parameter group V*‘, we get that /9(fci) and 

Vi 0 V 2 commute strongly. If we assume now that x is analytic w.r.t. the modular group {cr^') of - 1^2 and 
y G A /’^2 n A/"^^, we conclude that the left hand side of the previous equality is equal to 

J2r2(y*)). 

By a typical density argument, we may conclude that for x G analytic w.r.t. y G A/’^j and ^ G i?i, 

/3(fcr'/')a(a2'/2(:r*))(^0 J2r2(y)) = (1 0 J22/J2)f/a(C ® ^2r2(x)) . 

Applying G B{Hi) 0 M 2 , it follows that for x,y,^ as above and y G D{kl^^), 

0 L){U^a{al'i/^{x*))) J2r2{y) = J22/J2(w^ ^, 1 / 2 ^ 0 i){U}Ua)J2T2{x) . 

Using J 2 r 2 ( 2 ;) = r2(cr^'/2('^*))> g®*’ ^ y analytic w.r.t. {(Jt'), ^ & Hi and y G D{k\^'^), 

r 2 ((u;«,, 0 i){U*pa{x))y) = J 2 af/ 2 ( 2 /)V 2 (u;^,fei/ 2 , 0 i){UlU^)T 2 {x) . 

From this formula, our first result follows. The second result is analogous. □ 

Theorem 5.3. The pair {M^, A„i) is a l.c. quantum group. The weight := ipi 0 {p 2 )k 2 left invariant 
and 

= (SVi*E)i3 ^3% 1^2,24^34 = (SUi*E)i3C/|,32 (« 0 0(W^2)324 
is the left regular representation when we use the canonical GNS-construction for pm- 
The canonical right invariant weight is given by {pi)ki 0 V '2 o-nd the right regular representation by 



Um = 

: 0*2l^l.l3-012V2,24 

= (t 0 (}){Wi)i32 

Ua,32 

V2,24 • 

Further, we have 





Rm = 

m ^(i?i 0 R2) - 

= {Ri 0 i?2)m , 

Vra = 

V2 

•> 

Vi 


rr = 

'T-t ® Xt , 


Rm = 

pp 

0R2 , 

Jm — 

Ai^^ji 0 J2), 


cit 

K = 

{.hk 

-**Ji0l)0*(l0<5^‘)0, 


im = Ai/^(Jl 0 J 2 ) JJ(Jl Jl 0 J 2 J 2 ) , jJtJ^ =(10 J2<5^‘J2)^*(<5i-*‘ 0 1)0 , 

5t = ® pT'ST , 

where Ai > 0 is defined in Proposition [^.4 The dual of (M„i, Am) is given by 

Mm = (M( 0lU0*(l0M2)0)" and Mm = (0*(Mi 0 1)0 U 1 0 M2)" , 

and in this picture, (M{, A'^) and (M2, A2) are closed quantum subgroups of {Mm, ^m)- 
Finally, we have the following commutation relations 

JJ{Jl 0 J 2 ) = ( —)*/^(Jl 0 J 2 )JJ , 

1^2 

{b 0 m)([/;3p3Vi42) = Ui42lA^,13 , (5.1) 

(m 0 0(t/a.l3(EU2S)23) = (SU2E)23C/a.l3 ■ (5.2) 


Recall that the notations Z and Wm are introduced in Notation 3.2 and Proposition 3.5. 
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Proof. Define tprn '■= V'l ® (.P2)k2 and denote by Am its canonical GNS-map. Let x G Jfjjji, y,z G fJ'{tp2)k2 
where z is analytic w.r.t. the modular group of (v?2)fe2- Take f,ri G Hi and fJ,, p G H2. Then, 

G i ® i)Ai„(a: (g) J /)(1 (g) z) = (t g)a;^,p g) i)((^a ® 1)(1 g A2(j/))(l7*/3(((. g a;^,p)Ai(x)) g z)) . 

Let X[i/n,rt] be the characteristic function of the interval [l/n,n] and define = X[i/n,n]ik2)- Let (ci) be 
an orthonormal basis for H2. Consider the following element in Mi g M2'. 

r '.= (i g g L){{Ua g 1)(1 g A2(?/))(1 g P„ g l)({ 7 */ 3 ((i ga;5,p)Ai(a;)) g z)) 

= g UJei,p g i){{Ua g 1)(1 g ^2{y))) ((i g Wp,P„ej(C*/ 3 ((t g Ai (l))) g z) . 

i 

Denote every individual term of this sum by r^. Because of Proposition ^. 2 | , every belongs to and 
Amin) = ((.gWe;,p gi)((t^a g 1)(1 g A2(j/))) ((i g J(C*C//3)(t g (Vi)ri(a;) g (z)) . 

This expression is summable over i and we conclude that r G and 

Am(»’) = (i g t^p.p g 0((a ® L)iA2iy)iikl^'^Pn) g l))iUp g 1)) ((i g a;5,p)(yi)ri(a;) . 

Write u := (i g a;{,,,)(Vi)ri(a;) and take w G Hi. Then, denoting by (at) the modular group of {(p2)k2, 

( 61 * g L)Amir) = ((w(7p(„®p),u,®p oa® i)iA2iy)i{kl^‘^Pn) g 1)) z) 

>/2d'i/2 (•2') J 2 i^a(Pn)Up(v®p,),w®p ^ ^ ® ^)iy^2) A(^p2)k2^y^ ’ 

where we used that k2 is a group-like. Hence, 

Am(r) = (1 g J2d*/2(z)* J2) (t gWp^p g i)((a g /,)(Wf)(a(P„)Up g 1 )) ((i g W{,p)(yi)ri(a;) ^A(^^)^^(y)) . 
Taking limits over n 00 and z —> 1 , we get that 

(w^®p, 77 ®p g L g i)Am(a; g y) G Af^^ 


and 


Am((t^5®p.r,®p g (■ g g y)) = (W{®p,p®p g i g t) ((o g (.) (W 2*)324 C ^,32 (S Vi E) 13) Am (a; g ?/) ■ 

It follows that ifm is left invariant and that its associated left regular representation is given by 

Wm := (SHi*E) 1317^,32 (a g 0 (W^ 2)324 . 


Define Rm ■= {Ri g i?2)in. From Lemma 3 . 6 , we know that Rm = m ^(i?i g R2) as well and then, it is easy 
to verify that Ami?m = (Rm g Rm)A^m ■ 

So, (fimRm is a right invariant weight and (Mm, Rm) is a l.c. quantum group. It follows that Wm is a 
multiplicative unitary and we want to prove that Wm = ITm. 

An analogous computation as above shows that i^i)ki g ^”2 is a right invariant weight with associated right 
regular representation 

Vm '.= ((-g/3 )(ITi)i3217q,,32 14,24 ■ 

Observe that 


(Am g t g i)(>Vm) = a23m23((EHi*S)i5(EHi*S)25C/^.53t^|,54((i O A 2 )a g 0(W^2)5346) 

= 0'23m23((EI/i*S)i5(EI/i*S)25l7g_53C/| 54(mi3(a g 6 g i)(lT2,i3lF2,23))5346) 

= (SI4*E)i5((i g m)(14*i2C|_i3))532((i g a)a g i)(VL2)5326C|^54(a O 0(W"2)546 . 

On the other hand, we know that 

(Am g t g i)(Wm) = (Wm)l256(Wm)3456 = (EVi*E)i5f/|^52 O t)(W2)526 (EVi*E)35C7^_54 (a g 6)(W2)546 • 
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We conclude that 


(i (gi ni)({7/343Vi,i2) = Vi,12C^/3,13 • 


Making an analogous computation with Vm, we arrive at the commutation relations ( p.l[ ) and (5.2). 

We now claim that 

^23^^2.13^23 = (a ® i){W;)21zU0,2l , 

yielding the equality Wm = Wm- Analogously, one proves the second formula for the right regular represen¬ 
tation: Vm = 13 ^ 12 ^ 2 , 2 i- To prove the claim, we make the following calculation, using the notation 

Ui — JiJi. 

^23^^2*13^23 = 02 ® ® J 2 ) 17:,23C^/3.23 (SV 2 S) 13C/;;.23C^a.23 (^2 ® Jl ® J 2 ) 

= 02 ® Jl® J 2 )U* 23 U 13^23 (l- ® ^W){U^)2l-i{'ZV2'Z)i3Ua,2302 ® Jl® J 2 ) 

= 02 ® Jl® J2)U*23U^2li'^^2'Z)l3Ua^2302 ® Jl ® J 2 ) ■ 

Observe that 

Z* = where = (Ji ® J 2 )V^{Ji ® h) €M[® B{H 2 ) . 

We combine Lemma O and Equation (^) with the calculation above, to get 


^23^2,13^23 — ^ 02 ® Jl® ^ 2 ) t^Q.23 ^a,21 ^21 (^^2 S) 13{7q,_23 (>^2 


= Vi '“^'^02 ® Jl® J2)U*23Ua^2lUa,230V2'®)l3Z2i02 


' Jl ® J 2 ) 
' Jl ® J 2 ) 


— ^ 02 ® Jl® J2 ^Uqi^210^2Z‘)i3Z2i 02 ® Jl ® J 2 ) 

= Ua^2lW2 i3U* 2iUf3,21 = 0 ® t){W0213U)3^21 ■ 

This proves our claim. 

Defining r™ := ® 0, it follows from the proof of Lemma |3.6| that for all uj € B{Hi ® H 2 )* 

® I'® w)(Wm) = [i ® L ® Ul){W0 . 


From Lemma |3.6| , we also know that i?m and r™ commute. So, we can conclude that Rm is the unitary 
antipode of (Mm, Am) and (r™) is its scaling group. 


— it x2it 


Taking the it-th power of the Radon-Nikodym derivative of {(pi)ki ^ '^2 w.r.t. (pm, we get PiS^ (g) P 2^2 ■ 
These unitaries are group-like because of Lemma B.6. By uniqueness of the Haar weights, i^mAm is pro¬ 
portional to 0i)ki ®'02 and also the Radon-Nikodym derivative of w.r.t. is group-like. Because 

a non-trivial multiple of a group-like is no longer group-like, we conclude that = {pi)ki ® 02- So, 

0i)ki ® 02 is indeed the canonical right invariant weight of (Mm, Am). 

We also conclude that (5m = Pi0^^* ® Because clearly PmT™ = 01020^^, we get that v^ = 

From [0, Proposition 2.5 and from Proposition ^^2] above, we know that Jm = 0001 ® J 2 ). Denote by Jm 
the modular conjugation of the canonical left invariant weight on the dual of (Mm, Am). Write Um '■= JmJm- 
Then, we know that 


(1 ® 1 0 C/m)(SF0E)i3 ^3*4^2, 24 ^ 34(1 ® 1 ' 


I [/*) = (1 01 ® U0W01 ®1®U*J 

= SFmS = Z*0V003i0V202i . (5.3) 


Taking slices on the first two legs, it follows that U0x ® l)17m = Z*{uixu\ ® 1)Z for all x S M{, where we 
use again the notation m = JiJi- Applying Ad(l (g) 1 (gi U0) to Equation (^), realizing that 17m and 
only differ up to a scalar and again taking slices, we also conclude that U01 ® y)U^ = Z*{1 ® U2yu0)Z for 
all y G M0 We conclude that Ad C/m = Ad(Z*(ui ® U 2 )) on M{ ® M^- As we know Jm, it follows that 

JmZJm = Z*01 ® Ji)z0i ® J 2 )Z , 

for all z G M[ ® M 2 . If next z G Mi ® M 2 , the left hand side equals R0z*), but the right hand side as well 
because m“^(i?i ® R 2 ){z*) = R0z*). We conclude that Jm and Z*0i ® J 2 ) only differ up to a scalar. 
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Because = 1 , we also get {Z*{Ji (g) J2))^ = 1 - Writing this out, it follows that 

(Ji ® J2)JJ = JJ{Ji (g J2) ■ 

Using this commutation relation, we arrive at 

(g) J 2 ) = (g J2)Jm . 

On the other hand, 




j j — j j 

^2 


We conclude that 


= y^Z*{.h (g J2) = XTi'hJi ® J2J2)JJ(Ji ® J2) = XT{Ji ® ® J2J2) ■ 


.i /4 


i/ 4 , 


Because we know (r™) and the GNS-construction for we immediately get that Pm = P^ ^ gP2- Because 
V= V 1 ‘ g Vf J2 fc** J2 and V = Vf fcf Ji fcf Ji g V , 


where Vi, ^2 and Vm denote the modular operators of V'l, '02 and 0 m respectively, it is easy to find, out of 
Proposition 2.4 in |^, the formula 

= jjyji kyjikyji g . 


But, from Proposition 4 . 2 , it follows that J(lg(52*) J = Jifcf 
unitary of (M, A), we know that J (1 g J = 1 g and so 
is proven analogously. 


for Jm^m'^i 


Jig J2(52* J2. Because IgJ^* is a group-like 
= (Jii 50 **Ji g l)g*(l gi 5 |‘)g. The formula 

□ 


6 Actions of double crossed products and bicrossed products 


Suppose that p : N ^ Mm g A is an action of the double crossed product (Mm, Am) on the von Neumann 
algebra N. We will show how to construct another von Neumann algebra L with an action of the bicrossed 
product (M, A) and we show that the outerness of one action is equivalent to the outerness of the other 
action. As a definition of outerness, we take Definition 5.5 in 1 ^: Mm pK Nr\p{Ny = C. In |^, the second 
author proves that every l.c. quantum group can act outerly in this strong sense on a factor. 


It is clear that we have morphisms (Mm, Am) ^ {Mi,Ai^) and (Mm, Am) ^ (M 2 ,A 2 ). Although these 
morphisms do not exist on the von Neumann algebra level, they can nevertheless be used to restrict the 
action p to an action of (Mi, Ai^), resp. (M 2 , A 2 ). We briefly explain how to do this. 

In the von Neumann algebra language, a morphism appears rather as a special type of action (the restricted 
left or right translation), as was pointed out by J. Kustermans in Q. We clearly have a left action ()i : 
Mm ^ Ml g Mm : Cl = ^ 1 ^ g (. of (Ml, AfP) on Mm satisfying (1 g Am)Ci = (Ci g *g i)^!!!- Analogously, 
we have the right action u g A 2 : Mm ^ Mm g M 2 , which can be composed with the unitary antipodes to 
yield the left action of (M 2 , A 2 ) on Mm given by C 2 : Afm —> M 2 g Mm : C 2 = 0 'i 2 mi 2(6 g A 2 ). 

This allows us to define the action : N ^ Mi g A of (Mi, Af^) on N such that (6 g p) 77 i = (Ci g t)p and 
the action 772 : A ^ M 2 g A of (M 2 , A 2 ) on A such that (i g p)r ]2 = (C 2 ® i-)p- Denote 


L := Ml A = (771(A) U M( g 1 )" . 


It is easy to check that (i g 772)771 = p and applying t g 772 to L, we arrive at another representation of L: 
{p{N) U M{ gig 1 )". This shows how L is an intermediate von Neumann algebra 


N ^ L ^ Mm pX A . 

On L, we will define a natural action 77 of the bicrossed product (M, A) such that 

N ^ L ^ Mm pX N ^ M rjX L ^ Mm pX (Aim pX A) . ( 6 . 1 ) 
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Proposition 6.1. There exists a unique action rj : L ^ M ^ L of (M, A) on L such that 
77(771 (x)) = (a ® r]i)rj2{x) for all x € N viJiuJi 0 1 ) = (-/ 0 Ji)^i{y){J 0 Ji) ® 1 for all y G Mi , 

where y, : Mi M ® Mi is the left action of {M, A°p) on Mi defined by y{y) 0 1 = A°p(7/ ® 1 ). 

Moreover, the action 77 is outer if and only if the action p is outer. Finally, the inclusion of Equation ( |6.l| ) 
holds. 

Proof. During the proof, we replace L by its representation {p{N) U M[ (8) 1 (81 1 )” in B{Hi (8 H2) <8) N. Define 
for z £ L, 

p{z) =Ui2^{l® L® p){z)Uf2-i where U = {J ® Ji){l 3 ® l){Wi){Ji ® J2 ® Ji) . 

Represent N on its standard Hilbert space, with anti-unitary J^r and use the notation 
p(y) = (Ji 0 J2 (8) JAr)p(JAr7/JAr)(Ji (8) J2 (8) Jat) for y £ N'. 


Let X € N. We have 

77(p(x)) = Z^i23(Am 0 t)p(x)Z^i23 

= (J 0 Jl 0 J2 0 JN){f3 0 (•)(Wi)i23 ('^23T'23 ^(Ai 0 A^^ 0 l)p{JnxJn)) (/? 0 <•)(bLi*)l23 0 Ji 0 J2 0 Jn) 
= (J 0 Jl 0 J2 0 JN){ct 0 7 0 7 0 7)(cri2Tj^^(7 0 A^^ 0 l)p{J^ xJ n)){J 0 Jl 0 J2 0 Jn) 

= (007070 7)(tTi2Ti2(i 0 A2 0 i)p{x)) = (o 0 p)p2(x) . 

On the other hand, it is obvious that p{JiyJi 0 1 ) = ( J 0 Ji)y{y){J 0 Ji) 0 1 for y G Mi. Then, it is also 
clear that p : L ^ M ® L and that 77 is an action of (M, A) on L. 

By definition, M L = {p{L) U M 0 1 0 1 0 1)", but using U, we easily identify 

M L = (L U (Jl 0 J 2 ) JM J( Jl 0 J 2 ) 0 1)" C B(iJi 0 iJa) 0 . 

In this way, we see that the inclusion of Equation Q is given by 

p{N) CLC ip{N) U Mm 0 1)" C (L U (Jl 0 J 2 ) JMJ(Ji 0 J 2 ) 0 1)" C B(Hi 0 H 2 ) 0 • 

Suppose first that p is outer and let z G (M^k L) n L'. Then, we observe that z G B(iJi 0 H2) 0 A^ fl piN)', 
which equals M{ 0 M^ 0 1 by the outerness of p. So, z = y 0 1 with y G M[ 0 M 2 . But z also commutes 
with M{ 0 1 0 1, which yields z = 1 0 a 0 1 with a G M^. Because 

(7070 P2)p =(7070 ? 72)(7 0 772)771 = (7 0 A 2 0 l) p , 

we see that (7070 P2){z) = L2,23.^1241^*23 z G M L. So, a G Mi and hence, a G C. We get that 77 

is outer. 

Suppose next that 77 is outer and let z G B(iJi 0 iJ2) 0 A n (Mm pK N)'. We claim that, 

Ui2z{i 0 7 0 p)(7/)Ai23 G B(iLi 0 H2) 0 L for all y G B(iJi 0 H2) 0 N . 

When y G p{N), this is clear and when y G B(iLi 0 iJ2) 0 1, it follows because U G B(iLi 0 H2) 0 M(. 
Because p is an action, we know that 

B(Hi 0 H 2 ) 0 A = (p(A) U B(Ai 0 H2) 0 1)" 

and our claim is proven. So, we find in particular that Ui2z{l 0 7 0 p)(z)Wi23 ^ B(Ai 0 A2) 0 L fl piL)'. 
From the outerness of p, it follows that B(Ai 0 A2) 0 L n p{LY = M' 0 1 0 1 0 1 and we can take a G M' 
such that 

(7070 p)(z) = ^^123(0 0 1 0 1 0 1)^123 . 
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But, p{N) C Ml (g) M2 ® N, while the last leg of U sits in M[. Hence, z = y ior some y £ (g> H2). 

Writing x = (Ji ( 8 > J2)y[Ji ® J2) and b = JaJ G M' , we get 

{P (g) l){Wi){x (g) l)(/3 (g i)(VFi*) = 5 g 1 . 

If we write C(c) = (/3 g t)(Wi)(c g !)(/? g l){W*) for c £ B(Hi g H 2 ), we see that C, : B(Hi g H 2 ) —> 
B(i7i g H 2 ) g Ml is a right action of (Mi, on B(iJi g ^ 2 )- Because (^{x) = 6 g 1, we find that 
Q(b) g 1 = (C g i)C,{x) = (t g t g AiP)^(x) = 5 g 1 g 1. Hence, ^(6) = 6 g 1 and x = b. We arrive at the 
conclusion that x £ M' n /3(Mi)' = M[ g M^ n (Mi g 1)' = 1 g M 2 . This gives us that z = 1 g d g 1 
with d £ M 2 . Because z £ {M^ p!K N)', 1 g d must commute with Z*{1 g M 2 )Z. Up to a scalar, g* equals 
(Ji Ji g J( Ji g J 2 ). The first part belongs to B(idi) g M 2 and we hnd that 1 g d must commute with 
J(1 g M 2 )J- This means that a{J 2 dJ 2 ) commutes with 1 g M 2 - Hence, a{J 2 dJ 2 ) £ Mi g 1. Because a is 
an action of (Mi, Ai) on M 2 , it follows that J 2 dJ 2 £ C. So, z £ C and we are done. □ 


7 A characterization of double crossed products 


In Definition 2.3, we defined a matching m of l.c. quantum groups (Mi, Ai), (M 2 , A 2 ) and we constructed 
the associated double crossed product (M^, A^) as a l.c. quantum group in Section ||. It is clear that the 
mappings AJ^gt and (.g A 2 define, respectively, a left action of (Mi, Af^) and a right action of (M 2 , A 2 ) on 
the von Neumann algebra Mm = Mi g M 2 . In fact, these actions are precisely the actions that correspond 
to the natural morphisms from (Mm, Am) to (Mi, Ai^) and (M 2 , A 2 ). 


We claim that this characterizes double crossed products: whenever we have a l.c. quantum group {N,T) 
and morphisms from (A, T) to (Mi, Af^) and (M 2 , A 2 ), such that A, equipped with the naturally associated 
left action of (Mi, AfP) and right action of (M 2 , A 2 ), is isomorphic to Mi g M 2 as an Mi, M 2 -bicomodule, 
we get that (A, T) is a double crossed product. 


We can interpret this in the classical, commutative case as follows. We are given l.c. groups G, Gi and G 2 . 
We suppose that GfP acts on the left and G 2 on the right on G such that, as a measure space, G is isomorphic 
to Gi X G 2 where the isomorphism intertwines the actions of GfP and G 2 on G with the natural actions of 
GfP and G 2 on Gi x G 2 . So, we assume in fact that GJp and G 2 are closed subgroups of G and that there 
exists an element x £ G such that the map Gi x G 2 —> G : (g, s) 1 —> gxs is a measure class isomorphism. 
Then, it is clear that, considering x“^Gix and G 2 as closed subgroups of G, we arrive at a matched pair (in 
the sense of [||, Definition 3.1) of l.c. groups with G as the double crossed product. It is obvious that it is 
really necessary to all ow for the presence of x £ G and this explains the presence of the group-like unitary 
M £ A in Proposition 7.1. 


Proposition 7.1. Let (A, T), (Mi, Ai) and (M2, A2) be l.c. quantum groups. Suppose that there are mor¬ 
phisms from (A, r) to {Mi,Ai^) and (M2,A2) respectively, with associated aetions Qi \ N ^ Mi g A, 
C2 : A ^ A g M2 of {Ml, AJP) on the left and {M 2 , A2) on the right on A. Suppose that there exists an 
isomorphism of von Neumann algebras tt : A — > Mi g M2 intertwining Ci with AJp g l and C2 with l g A2. 

Then, there exists a matehing m : Mi g M 2 —> Mi g M 2 and a group-like unitary u G N sueh that n o Adu : 
A ^ Ml g M 2 is an isomorphism between the l.c. quantum groups (A, T) and the double crossed product 
(Mm, Am). 


Proof. Denote hy Wn the left regular representation of (A, T). Because the actions Ci)C 2 are defined by 
morphisms, we know that 

(Cl g or = (t g r)Ci, {i g C2)r = (r g 0C2, 

(Cl ® i){WN) = Ai^i3HCv,23 , (C2 < 8 > 1 -){Wn) = Wn, 13 X 2 ,23 , ( 7 . 1 ) 

where Ai £ Mi g A is a corepresentation of (Mi, AfP) and A 2 £ M 2 g A is a corepresentation of (M 2 , A 2 ). 
Defining Wn = (tt g l){Wn) £ Mi g M 2 g A, we deduce that 

(AJP gig i)(HCv) = Ai^i4lUAr^234 , (i g A 2 g i)(HCv) = Wn, 12 ^X 2 ,3i . 
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It then follows that X^ t^^Wn is invariant under and we find Y G such that Wn = -^1,13^23- 

Using next the formula for (r® A2 ®i){WN)^ we get (A2 <S)l){Y) = ^13X2,23- Hence, YX2 is invariant under 
A2 ( 8 > i and we find a unitary u G N such that 

W]sr = Ai_ 13(1 (g) 1 0 u)X 2^23 ■ 

We know that (r (g) r (g) A]y){WN) = IUAr,i24lHAr423, from which we conclude that (t 0 AAr)(Ai) = Xi^i3Xi^i2 
for i = 1 , 2 . Writing this out, it follows that A(m) = u®u. 

The equation A(u) = u ® u gives us that (Adw ® t)(HV) = (1 < 8 ) u*)Wn- From Equation ( 0 , it is 
clear that C,2 commutes with the isomorphism Adu of A, while defining Ci = C'- ® Adu*) o o Adu and 
Ai = (1 (g> m*)Ai (1 ® u), we get 

(Cl ® t)(VFlv) = Ai_i3HCv,23 • 

Finally, we put tt = tto Adu and observe that (ir 0 6 )(HCv) = ^143X2,23- Also, tt intertwines Ci with Ai^^t 
and C2 with i 0 A2. As a conclusion, we see that changing the morphism from (A, F) to (Mi, Af^) by 
using u, we may in fact suppose from the beginning that m = 1 and now prove the existence of a matching 
m : Ml ® M2 ^ Ml ( g ) M2 such that tt is an isomorphism between the l.c. quantum groups (A, F) and 

So, we assume that u = 1 and get Wn = Ai^i3A2,23- Because a morphism commutes with the antipode, we 
know that = ('^-t ® A^)Ci and ® A^)C2- Combining this with Equation (O, we get that 

Ai is invariant under rlj ® , while A2 is invariant under rf g) . Because Wn = Ai^i3A2,23, it follows 

that = (t 1 ( ® T(^) 7 r. Moreover, because Ai and X2 are corepresentations, it follows that, for all to G N*, 
the element ?/ := (1 g t g) aj)(Ai43A2,23) G -D(>S'i ^ g S2) and 

{Si g>S'2)(y) = (<• t g w)(Ai 13A2 23) • 

Define m (i?i gi? 2 ) 7 ri?iv 7 r“^, use that Sn{i-®uj){Wn) = (tgw)(IF^) and combine this with the formulas 
above, to conclude that 

(m g t)(Ai43A2,23) = A2,23Aip3 . 

It follows that ((6g(Tmgt)(AiPgA2)gt) (WCv) = Wn, i25 Wn,3At< and hence, (6gtTmgt)(AiPgA2)7r = (7rg7r)r. 
We also verify easily that 

((Ai g i)m g 6)(Ai43A2,23) = A2,34Ai_24Ai_i4 
and m23mi3(Ai g 6g t)(Ai^i 3 A 2 , 23 ) = 1112311113(Ai^24Ai^i4A2,34) = A 2 , 34 Ai_ 24 Ai_i 4 . 

Because the slices of Wn are dense in tt{N) = Mi g M2, we conclude that (Ai g 6)m = m23mi3(Ai g i). 
Completely analogously, we verify that {i g A2)m = mi3mi2(6 g A2). Hence, m is a matching and above, 
we have seen already that tt : A ^ Mm is an isomorphism of l.c. quantum groups. □ 


8 Example: generalized quantum doubles 

Let (Ml, Ai) and (M2, A2) be l.c. quantum groups. Suppose that Z G Mi g M2 is a bicharacter in the sense 
that 

(Ai g l){Z) = g23-2i3 and (t g A 2 )(g) = ^ 13^12 . 

(We see that, in fact, Z* is the bicharacter.) Then, we can define a matching m as the inner isomorphism: 

m(x) = ZxZ* for all x G Mi g M 2 . (8.1) 

It is clear that m is a matching of (Mi, Ai) and (M 2 , A 2 ). Hence, we have an associated bicrossed product 
(M, A) and double crossed product (Mm, Am), as above. 

A particular case is that of the quantum double: let {N,An) be a l.c. quantum group and put (Mi, Ai) = 
(A, A*)^ ), (M 2 ,A 2 ) = (A, Aat) and Z = Wn- The associated double crossed products is the quantum 
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double of (TV, A^r). Such a quantum double construction in the framework of l.c. quantum groups (or rather, 
Woronowicz algebras) has been done for the first time by T. Yamanouchi [p^. 


For this reason, we will call the double crossed product associated with an inner matching as in Equation 
(13) a generalized quantum double. 


Suppose for the rest of this section that we have a bicharacter Z as above and an inner matching m defined 
by Equation (g.l). 


Proposition 8.1. Through the isomorphism Ad2^*, the bicrossed product (M, A) is isomorphic with the 
tensor product (Mi 0 M 2 , (t 0 cr 0 (•)(Ai (g) A 2 )). 


The ingredients of the double crossed product (i.e., the generalized quantum double) are given by Theorem 
5.S, combined with the formulas: 


• J = Z{Ji g) J 2 )Z* and J = Z{Ji g) J 2 )Z*; 

• there exist group-like unitaries kf S Mi and klf G M 2 such that 


Z*{5f ®l)Z = 5 


■it 


—it 

'2 


and Z*(l g),5^‘)Z = fcf 


and Pi = k'f)5i, pf = klfSlf (observe that pi and p 2 are defined in Proposition ).2, associated with a 
matching m); 


Z = vI'^Z (Ji g J2)2 (Ji g J 2 ). 


The double crossed product is unimodular if and only if ki = Ji and k 2 = 62 - This is the case for the ordinary 
quantum double of a l.c. quantum group. 


Proof. To determine the bicrossed product, we calculate: 

{Z* g Z*)WiZ ®Z)= 2 * 4 bF 2 ,24^1*2^34VFi.132i2 

= W2,2i{i g A2)(2*)3242r2234(A?P g t) (2 )i32VFi,13 = VF 2 ,24^^1,13 • 

This proves that Ad 2* maps (M, A) onto the tensor product (Mi g M 2 , (6 g cr g 6 )(Ai g A 2 )). From 
Proposition 4.2 in |^, the formulas for J and J follow. 

Because Z* is a corepresentation for (Mi, Ai), we get that (t g w)(2*) £ D{Si) for all uj G M 2 * and 
5'i(tgw)(2*) = (tga;)(2). An analogous statement holds for the left slices of 2 and S' 2 . Combining both, 
we conclude that Z is invariant under g rf and Ri g R 2 . The formula for Z then follows. 

Finally, rj^x) = defines a one-parameter group of automorphisms of Mi satisfying AiTy^ = ( 77 ^ gi) Ai. 

It follows that {rj} g i){Z*)Z is invariant under Ai g l. Hence, there exist unitaries k^ £ M 2 such that 
2*(jf g 1)2 = g kf^*. Applying t g A 2 to this equality, we find that klf is group-like. We analogously 
find kf. Because the modular element of the tensor product Mi® M 2 is given by ji g( 52 , we get the following 
formula for the modular element 5 of (M, A): 

= Z{5f ® Sf)Z* = {5f ® l)a{kf5f) . 


So, by definition, pf = kfSf. 

It follows immediately from Theorem 5.3 that (Mm, Am) is unimodular if and only if ki = (5i and fc 2 = 62 . 
This is the case for the ordinary quantum double: we have (Mi, Ai) = {N, A*)^ ) and hence, Sf = 
satisfying 


Z*{Sf ® 1)2 = (Jjv g JN)WNiS)f‘* ® l)W;jiJN ® Jn) = 


Jn ' 




= 5f 




So, we are done. 


□ 
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9 C*-algebraic features of bicrossed and double crossed products 


Throughout this section, we fix two l.c. quantum groups (Mi, Ai), (M 2 , A 2 ) and a matching m on them. 
We have an associated bicrossed product (M, A) and double crossed product (Mm, Am). We continue to 
use the notations fixed in Notation 2.4. So, the C*-algebras associated to (Mi, Ai), (M 2 , A 2 ), (M, A) and 
(Mm, Am) are denoted by ^ 1 ,^ 2 ,^ and Am, respectively. 


We denote by 1C the C*-algebra of compact operators on Hi ® H 2 and by ICi the C*-algebra of compact 
operators on Hi, i = 1 , 2 . 

The following result is rather easy to prove. We give formulas for the C*-algebras A, A associated with the 
bicrossed product and for the C*-algebra Am associated with the double crossed product. Observe that it is 
much more delicate to describe the C*-algebra Am, see Proposition |9.5| where we give a formula in the case 
of regular (Mi, Ai) and (M2, A2). 


Proposition 9.1. We have 


A = [(Ai (g) l)a(A 2 )] and A = [(1 g A 2 )/ 3 (Ai)] . 

Further, we have 

Am = [(JlAi Ji g 1) Z*{1 g A 2 )Z] . 


Proof. We have 

A = [(i g (. g w g /r) ((a g t g i)(VP2,i3 C// 3 , 23 ) 1^1,13)] 

= [(i g (. g w g /r) ((a g r g i)(C^/ 3,23 VP2.13 £^,3,21) T^i.ia)] 

= [a{A 2 ){i g i g w)((a g L.){Up 2 i) ^^1.13)] = [a(A 2 )(Ai g 1 )] , 


where we used that (i g A 2 )(C// 3 ) = [//3,i3[//3,i2 and the fact that C //3 S M(/Ci g A 2 ). 

We know that A is a C*-algebra. This proves the formula for A and the formula fo r A is proven analogously. 
The formula for Am is an immediate corollary of the formula for Wm in Theorem 5.3, □ 


Next, we present a quantum version of Theorem 3.11 in we give a necessary and sufficient condition for 
(M, A) to be (semi-)regular. 

Proposition 9.2. We have that (M, A) is semi-regular if and only if both (Mi,Ai) and (M 2 ,A 2 ) are 
semi-regular and Ai g A 2 C Am. 

We have that (M, A) is regular if and only if both (Mi, Ai) and (M 2 , A 2 ) are regular and one of the following 
conditions holds true: Ai g A 2 = Am or m(Ai g A 2 ) = Ai g A 2 . 


Proof. First, observe that 

[C(1T)] = [((. g t g W g ^)(Sl3S24kF2,24C^/3,34C^a,12^1,13)] ■ 

Because (i g A 2 )(C// 3 ) = [// 3 ,i 3 C^/ 3 ,i 2 and (Ai g L){Ua) = Ua, 23 Ua,i 3 , we get 

[C{W)]=U^ [(/,grga;gM)((SW2)24 {U^Uc,)i2 (SWi)i3)] K = Ufs [(lgC(W2)) (C(Wi) g 1)] U* . 

Suppose that (M, A) is semi-regular. From Proposition 5.7 in it follows that semi-regularity passes to 
closed quantum subgroups. So, (Mi,Ai) and (M 2 ,A 2 ) are semi-regular. From the calculation above, we 
conclude that 

/C C [(1 g C{W 2 )) (C(Wi) g 1)] 

and hence, 

/c = [(1 g /C 2 )/C(/Ci g 1)] C [(1 g IC 2 ) Upa. (/Cl g 1)] . 

Hence, /C C [(1 g lC2)Z*{lCi g 1)]. 
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On the other hand, we have 

An, = [(r®i(g)0J(g)^)((SVi*E)i3 W2,24)] = [(l ^ i 0 OJ 0 fi) 1 ^) 13 ((1 ®(/Cl ® 1))34 W^2.24) ] 

D [(r(g)i(g)tJ(g)^)((Ey 4 *E)i 3 (/Cl (g)/C2)34 W2,24)] = Ai 0 A 2 . 


Conversely, suppose that (Mi,Ai) and (M 2 ,A 2 ) are both semi-regular and Ai 0 A 2 C A^. It is easy to 
check that Ai O A 2 = [Am(Ai 0 1)]. Hence, 


m(Ai (g) A 2 ) = [(i?i (g)i? 2 )i?m(Am) PiAi)] D [(Ai (g) A 2 )/ 3 (Ai)] . 


But, using Proposition |9.l|, we have 

[A A] = [(Ai g) l)m(Ai g A 2)(1 g A 2 )] D [(AiAi g A 2 )/ 3 (Ai)(l g A 2 )] D [(/Ci g A 2 ) /3(Ai) (1 g A 2 )] . 
Because [A A] is a C*-algebra, we get 

[A A] D /Cl g [A2 (w g t)/ 3 (Ai) A2] =JCi0 [A 2 A2] D /Cl g /C2 , 


where we used that l3{x) = Uf 3 {x 0 with { 7/3 G M(/Ci g A 2 ). Hence, (M, A) is semi-regular. This 
concludes the proof of the first statement of the proposition. 


In order to prove the second statement, we can replace above every inclusion by an equality to obtain the 
equivalence between regularity of (M, A) and regularity of (Mi, Ai), (M 2 , A2) and the equality An, = AigA 2 . 
The only different point is to prove that the regularity of (M, A) implies the regularity of (Mi,Ai) and 
(M2,A2). But, suppose that (M, A) is regular. Then, (a g i)(ITi) is a corepresentation of (M, A) and 
satisfies as such 

[(/Cl g /C 2 g l)(a g 6 )(ITi)( 1 gig /Cl)] = /Cl g /C 2 g /Cl . 

Because a{x) = Ua{l 0 x)U*, it follows immediately that (Mi, Ai) is regular. We get the regularity of 
(M 2 , A 2 ) in an analogous way. 


Finally, we suppose that (Mi, Ai) 
9.1, we immediately have 


and (M 2 , A 2 ) are regular and m(Ai g A 2 ) = Ai g A 2 . Using Proposition 


[A A] = [(Ai g l)m(Ai g A 2)(1 g A 2 )] = [AiAi g A 2 A 2 ] = /Ci g /C 2 , 


yielding the regularity of (M, A). 


□ 


The (semi-)regularity of the double crossed product (M^, A^) is characterized more easily in the following 
proposition. 

Proposition 9.3. We have that (Mn,,A„,) is semi-regular (resp., regular) if and only if both (Mi,Ai) and 
(M 2 ,A 2 ) are semi-regular (resp., regular). 


Proof. First observe that 

[CiWrn)] = [{i 0 L 0 tO 0 yi){iEVl)l 3 (EIU2)24)] = [(6 g t g 0 .) ((EUi )*3 ^ 32 ) ( 1 ®C(IU 2 ))] . 
Suppose first that (Mi, Ai) and (M 2 , A 2 ) are semi-regular. Then, it follows that 

[C(VFm)] A [(tgig03)((EUi)*3 z;^) (lg/C2)] = [(igtgw)((EUi)]'3) (lg/C2)] A/Cig/C2 . 

Hence, (M^,, A^,) is semi-regular. 

Suppose, conversely, that (Mm,Am) is semi-regular. Because {M[,A[) and (M 2 ,A 2 ) are closed quantum 
subgroups of (Mm, Am), we get that they are semi-regular, using Proposition 5.7 in §. Hence, the same 
holds for (Ml, Ai) and (M 2 , A 2 ). 

To prove the statement about regularity, we proceed exactly as in the final paragraph of the proof of the 
previous proposition. □ 
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Finally, we want to give some more detailed information about the C*-algebras and A, as well as the 
crossed product A yir A ot the right action of {A, A) on itself. Our results will be quantum versions of the 
following results in |^: Proposition 3 . 6 , Lemma 3.9 and Proposition 3 . 10 . 

To obtain our results, we need actions of C*-algebraic quantum groups on C*-algebras. As shown in Section 5 
of 1^, the notion of continuity of such an action is problematic when the acting quantum group is non-regular. 
So, for the rest of this section, we suppose that (Mi, Ai) and (M2, A2) are regular. 

Proposition 9.4. Defining 

Ti = [(6 (g) p)( 3 {Ai) I pL G B{H2)*] and T2 = [(w g) t)a(A2) | io G 6(^1)*] , 
we have that Ti and T2 are C*-algebras, such that the restrictions of a and fi: 

a : T2 —> M(Ai g T2) , (3 : Ti —> M(Ti g A2) 

define C*-algebraic actions of (Ai, Ai) on the left on T2 and of (A2, A2^) on the right on Ti, which are 
continuous in the strong sense: 

[a(r2)(Ai g 1)] = Ai g T2 and [/ 3 (ri)(l g A2)] = Ti g A2 . 


Moreover, we have 


A = Ai T2 and A = Ti xir A2 . 


Proof. As in the proof of Proposition 5.7 in |^, we conclude that Ti and T2 are C*-algebras. Further, we 
observe that 


[a(T'2)(Ai g 1)] — [(w gig i)(Vi,120^(^2)13^1(12 (1 g Ai g 1)^] 

= [(cj gig i) (((/Cl g l)bi(1 g Ai))i 2 0(^2) 13)] = Ai g T2 , 

where we used that Vf = M(/Ci g Ai) and [(/Ci g l)Vi(l g Ai)] = /Ci g Ai by regularity of (Mi, Ai). It 
follows that a ■.T2 ^ M(Ai g T2) is non-degenerate and that the restriction of a to T2 is continuous in the 
strong sense. We analogously show the same kind of properties for Ti and / 3 . 

By definition, we have Ai T2 = [(Ai g l)a(T2)] and this a C*-algebra. So, 

Ai rX T2 = [(Ai gl)a(r2)(Ai g 1)] = [(wgigi)((lg Ai gl) Wi(i2a(A2)23bFi,i2 (1 g Ai g 1))] 

= [(Aigl)a(A2)(Aigl)] , 


because Wi G M(/Ci g Ai). But, from Proposition | 9 .l|, we know that A = [(Ai ( 
A is a C*-algebra. Hence, we are done. 


I l)a(A2)] and we know that 

□ 


Recall that comparing our work with [^, the double crossed product (Mm,Am) should be considered as 
the ‘big’ group G in | 3 j. Hence, the following result is really the quantum version of Q, Lemma 3.9 and 
Proposition 3 . 10 . 

Proposition 9.5. We have 

Am = [(t g t g t^)(mi 3 ('- g A2 P)(Ai g A2)) I W G B{H2)*] . 

Further, 

AfP g A2 : Am ^ M(Ai g Am g A2) 

defines a C*-algebraic action of (Ai, AJP) on the left and of (A2, A2) on the right on Am. This action is 
continuous in the strong sense: 

[(Ai g 1 g 1 g l)(AiP g A 2 )(Am)(l g 1 g 1 g A2)] = Ai g Am g A2 . 

Moreover, the crossed product satisfies: 

A Xr A = Ai rX Am X r A2 . 
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Proof. One checks easily that Ai® A2 = [At^{Ai 0 1 )]. Hence, it follows that 

[(t (g) (. (gi w)(mi 3 (i g) A2 P)(Hi g) H2))] = [(t g (. ga;)(mi 3 ((, g A2P)(Hm) m(Hi g 1)13)] 

= [(i g (. ga;)(mj"2\(l gig A2){i g A2P)ni(Hm)) m(Hi g 1)13)] ■ 

From Proposition | 3 . 5 |, we get that 

[(1 g 1 g A 2 ){i g A2P)m(Ain)] = [(i g i g i g w g Ai)(((A2 g 1)1^2)35 IF2.25 -^45 (SPi*E)i4)] = m(Hm) g A 2 , 

because W2 € M(H2 g /C2). Hence, we conclude that 

[(t g (. g w)(mi 3 (t g AF)(Hi g H2))] = g 1 )] • ( 9 . 1 ) 

Now, we use the second formula for Vm in Theorem | 5 . 3 | and we find that 

[(Ti g l)Hi„] = [(w gig i)(((ri g K,2)l3{Ai))2i Ua,21 V2.13)] • ( 9 - 2 ) 

Next, we claim that [(Ti g K.2)(3{Ai)\ = [(1 g /C 2 )/ 3 (Hi)]. Because /3 is continuous in the strong sense on Ti, 
we have [(1 g /C 2 )/ 3 (Ti)] = Ti g /C2. To prove our claim, it suffices to show that [Ti Ai] = Ai. This last 
statement can be proven as follows: from Theorem | 5 . 3 |, we know that (i g 1^,12) = Vi,i2 b^/3,i3, 

which gives 

Ti = [(w g i g h){{l g m)( 17 ^_ 33 ) ^1,12)] 
and so, because Vi G M(/Ci g Ai) and Ua G M(Ai g /C2), 

[Ti Ai] = [(w g i g At)(i g a)(up Ai] = [(iJ g i g M)(t^a. 23 C/^, 13 t^a, 23 ) ^1] = ^1 ■ 

Hence, our claim is proven. Combining this with Equation ( | 9 . 2 [ ), we get 

[(Tl g l)A„i] = [(w g i g i) (((1 g A^ 2 )/ 3 (Ai ))21 Ua,21 ^2,13)] = , 

where we used again the second formula for VA in Theorem ^. 3 | . Combining this equation with Equation 
we finally arrive at 

[(4 g 4 g a2)(mi3(i g A2 P)(Ai g A2))] = Am . 

It is easy to check that AJ^ g A2 defines a C*-algebraic action of (Ai, AJ^) on the left and (A2, A2) on the 
right on Am, which is continuous in the strong sense. 

Because i?m(Am) = Am, we also get 

Am = [((• g i g w)(t g A 2 )m“^(Ai g A2)] . 

Now, by definition, A xij. A = [A JAJ]. Because JAJ = A, we get, using Ad((Ji g J2) J), 

A Xr A ^ (Jl g i2)[A A](Ji g J2) . 

On the other hand, by definition, 

Ai rK Am Xj. A2 = [(JiAi Ji g 1 g 1 g J 2 A 2 d 2 )(Ai^ g A 2 )(Am)] , 
which, by using the unitary Wf g IF2, is isomorphic with [(JiAi Ji g J2A2 J2)Am]. 

Now, we observe that 

(Ji g <i^2)[A A](Ji g J2) = [(JiAi Ji g 1 ) m ^(Ai g A2) (1 g J2A2 J2)] ■ 

Because the left hand side is a C*-algebra, we have 

(Ji g d 2 )[A A](Ji g J2) = [(JiAi Ji g J2A2J2) m ^(^1 g ^2) (1 g <.^2^20/2)] 

= [(JiAi Ji g J2A2J2) (i g (. g w)(m ^(Ai g A 2 )i 2 f 4 t 23 )] 

= [(JiAi Ji g J2A2J2) (i g (• g w)(y2*23 ('- O A2)m“^(Ai g A2))] 

= [(JiAi Ji g J2A2J2) (i g (. g uj){l g A 2 )m“^(Ai g A2)] 

= [{JiAiJi g J2A2J2) Am] , 

where we used twice that V2 G M(J2A2 j2 g ^.2). We have seen above that this last subspace is isomorphic 
with Ai rK Am Xr A2. So, we are done. □ 
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10 Appendix: the Radon-Nikodym derivative of a weight under 
a quantum group action 

In this appendix, we generalize results of T. Yamanouchi 011 and we give considerably simpler proofs. 

Let fV be a von Neumann algebra with n.s.f. weight 9 . If a l.c. group G acts continuously by automorphisms 
(ttg) on N, we can consider the Connes cocycles (Radon-Nikodym derivatives) [D 9 o ag : D 0 ]t as a function 
R ^ L°°{G) ® N. In the case of an action of a l.c. quantum group (M, A) on N, Yamanouchi defined 
the analogous Radon-Nikodym derivative [D 9 o a : D 0 ]t & M ® N. We repeat his definition. 

We first introduce some needed preliminaries. 

Fix an action a : N ^ M 0 V of the l.c. quantum group (M, A) on the von Neumann algebra N and fix 
an n.s.f. weight 9 on N. Denote by Jg and Vg the modular operators of the dual weight 9 , acting on the 
Hilbert space H ® Hg. 

On the crossed product M N, we have a dual action of (M, A°p) and the second crossed product 
Mq,k {M aK N) is canonically isomorphic with B{H) ® N through the isomorphism $ : B{H) O V —» 

M q,k {M aK N), see [|^, Theorem 2 . 6 . So, we can consider the bidual weight 9 on B{H) (g> N, with canon¬ 
ical GNS-map 

{xy ® l)a(z) 1-^ A'(a;) ® A{y) O Ag{z) for x S M', y G M, z G N 

and where A'{x) = JA{JxJ) is the canonical GNS-map for the left invariant weight on the commutant 
quantum group (M', A'), which is the dual of (M, A°p). In the same sense as above, these elements {xy ( 8 > 
1)q;(z) span a core for the GNS-map of 9 . 

From the results of ||^, Section 2 , it then follows that 

9{a{a*){x*y 0 1)q;(6)) = TTy{x*y)9{a*b) 

for all x,y G Afy, a, 6 G Ng, where we use the short-hand notation A/"y := A/tt,^ and where Tr^ is the n.s.f. 
weight on B{H) with density V. Also, the elements {y ® l)a( 6 ) span a core for the GNS-map of 9. 

On B{H)^N, we have two natural weights: 9 and Tr(g) 6 *. The following result was first proven by Yamanouchi 
in and called the Takesaki duality theorem for weights. We indicate how it follows from |p^ . 

Lemma 10.1. The following formula holds: 


[D9 : D(Tr^ O 9)]t = O . 


Proof. Writing Tg, for the operator valued weight from B{H) to M qK fV associated with the integrable 
action a, we know from |l^. Proposition 5.7 that T^{z) = JgTG^{JgzJg)Jg. Here, Ta is the operator valued 
weight from Mo,k TV to a{N) and is the commutant operator valued weight from a{Ny to {M a^ N)'. 
Using the language of spatial derivatives, this means that 


f d9 

/d{9{Jg-Jg)oT7^)^ 

/ d{9{Jg-Jg)) \ 

-it (d{9{Jg- Jg))\ 

\d{l(»9{Jg-Jg))) 

V d{9 0 a~^) y 

' \d{9 oa-^ oTa)) 

d9 / 


= 


Then, we get that 

[D9 : D(Tr^ ® 9)]t = ( 


/ d9 y*, 

: d(Tr^ ®9) \ 

\d{l®9{Jg- Jg))) ' 

^d{l (g) 9{Jg ■ Jg))) 




This concludes the proof. □ 

Definition 10.2. Define [D9 o a : D9]t := 0 V^**). We call [D9 o a : D9]t the Radon-Nikodym 

derivative of 9 under the action a of (M, A). A 
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We now prove the main properties of [DO o a : D 9 ]t. 
Theorem 10 . 3 . Write Dt := [DO o a : D 0 ]t. 

• Dt & M ® N. 

• (A (g) i)(A) = (('<8) a)(A)(l ® A)- 


Proof. Denote by {a)t the modular automorphism group of the bidual weight 0 on B{H) (g N. Because the 
dual weight 0 is ( 5 -invariant (see 113 , Proposition 2 . 5 ), we conclude from the proof of Q, Proposition 4 . 3 , that 
1 ) = ( 5 “®*V“*‘a;V**( 5 ®* g 1 for all x G M'. From Q, Proposition 2 . 4 , we know that ( 5 “*‘V“*‘ = 
and hence, at{x ® 1 ) = g 1 for all x G M'. We easily conclude that Dt & M ® N. 


Next, we introduce the notation 0 °‘ := 0 to stress that we take a bidual weight with respect to the action a. 
Consider the action (3 := {a ® i){b®a) of (M, A) on B(H)®N. Because 0 °‘ is an n.s.f. weight on B{H)®N, 
we can define its bidual weight ( 0 “)^ on B{H g H) g N . From the discussion above, we know a canonical 
GNS-map for given by 


( 2 / g 2 g l)/3(Q!(a;)) 1 -^ A.^(j/) g Ay( 2 ;) g Ae(x) for all y, z & Af^,x & Afg , 

where A.^ is a GNS-map for Tr.^. We also know that the elements (y g z g l)/3(a(a;)) span a core for the 
corresponding GNS-map. Observe that (I]P*I])(V g V)(SPS) = Q g V, where Q is the closure of (5V. Also 
observe that /3(a(x)) = (A°p g t)a(x) for all x & N. Using the above core for (0“)^, we conclude that 

(6»“)^oAd(EUSgl) =TrQg6»“ and (Tr^ g Tr^ g 6») o Ad(SUS g 1) = Trg g Tr^ g 6» . 

So, on the one hand, we have, 

[D{{0‘^f) : D(Tr^gTr^g0)]t = (SUE g l)[D(TrQ g d“) : D(TrQ g Tr^ g 0)]t(EU*S g 1) = (A°PgO(A) ■ 
On the other hand, we have 

[D{{0^f) : D(Tr^ g Tr^ g 0)]t = [D((r )^) : D((Tr^ g 0)% [D((Tr^ g 0)^) : D(Tr^ g Tr^ g 0)]t 

= /3([D0“ : D(Tr^ g 0)]t) [D((Tr^ g 0“)((7 g 6)) : D(Tr^ g Tr^ g 0)[t (10.1) 

= (ct g t)((t O a){Dt){l g Dt)) , 


where we used the following well known fact from the theory of operator valued weights: [DO : Dfi]t = 
I 3 {[D 0 : Dfi]t) where /3 is an action of a l.c. quantum group and 0 , y are n.s.f. weights with dual weights 0 , fl. 
Combining both calculations above, the proof is finished. □ 


The proof of the previous theorem can be adapted to prove the following useful and seemingly obvious 
formula. 

Lemma 10 . 4 . Suppose that N is a von Neumann algebra with n.s.f. weight 0 and let a and (3 be a actions 
of (Ml, Ai), resp. (M2, A2) on N. Suppose that there exists a * -isomorphism m : Mi g M2 —> Mi g M2 
ruling, in a sense, the commutation between a and [ 3 . More precisely, 

{i g P)a = (mcr g i){i. g a )(3 . 


If m(Tj^ g rf) = {rf g T(^)m, then 

{b g j 3 ){\D 0 o a : D 0 \t) (1 g [DO o /3 : D 0 \t) = (mcr g t)^(t g a){\D 0 o (3 : D 0 ]t) (1 g [DO o a : D 9 ]t^ . 
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Proof. Consider the amplified action (3a ■= (c ^ l){l ^ (3) of (M 2 , A 2 ) on B{Hi) ® N. First, we have the 
bidual weight 9°‘ on B{Hi) 0 N, which has again a bidual weight on B{H 2 C) Hi) (g> N. The same 

calculation as in Equation (10.1) yields that 


® 9)]t = {a (» (3){[D0 o a : D0]t) {l(^ [D9 o ^ : D9]t)'^ . (10.2) 

By symmetry, we have an amplified action and 

[f?(0'5)““ ■.D{TT^^<^TT^^^9)]t = {a<»L)(^{L<^a){[D9o(3:D9]t) {1 ^ [D9 o a : D0]t)'^ . (10.3) 

Consider the unbounded operator K := JiSiJi ® J262J2, affiliated with M[ 0 M2. Then, iF 0 1 is invariant 
under the modular automorphism group of Tr^^ 0 Tr^^ ® 9 and it commutes with 


[D{9P)^- : i:>(Tr^^ ® Tr^^ (g) 9)]t G Mi 0 M 2 ® iV . 


Hence, iF (g) 1 is invariant under the modular automorphism group of (0^)““. So, we can define the n.s.f. 
weight ^ := {{9^)°‘'^)k®i- We know a GNS-map for (0^)““ and because the closure of (Vi ® V 2 )iti is Pi (gP 2 , 
we have a canonical GNS-map for /r given by 


(z® l)ao(/3(x)) 1 -^ Ap^ 0 P 2 (z) (g) Ae(x) for all z & J\fp^i^p^,x £ Afg . 


The elements {z ® l)aa{(3{x)) span a core for this GNS-map. Denote by Z the canonical implementation 
of the automorphism m, which is a unitary on Hi ® H 2 . Because m commutes with 0 and because 
0 Pj* is the canonical implementation of 0 t^, we get that Z commutes with Pi 0 P 2 . Using the core 
for the GNS-map of (0^)““ and using the given formula 


{l 0 P)a = (mcr 0 l){l 0 a)(3 , 


we conclude that 


where p := {(9 °‘)^'^)®k®®i- 


p = po Ad(S0 0 1) , 


Finally, it follows from Equation (10.3) that 

[Dp : P(Trpj 0 P 2 0 6 >)]t = (tr 0 6 )(^(t 0 a)([P 6 * o/3 : D9]t) (1 0 [P 6 » o a : D9]t)'j , 


while it follows from Equation ( 10.2 ) that 

[Dp : P(Trp,®p, 0 9)]t = (a 0 i) ((6 0 (3){[D9 o a : D9]t) (1 0 [P0 o /3 : D9]t)'^ . 


Applying Ad(S0 0 1) and using that p = po Ad(EZ 0 1) and that Z commutes with Pi 0 P 2 , we arrive at 
the statement of the lemma. □ 


As a corollary, we prove the following result on closed quantum subgroups. 

Proposition 10.5. Let (M, A) be a l.c. quantum group. Suppose that N C M is a von Neumann subalgebra 
such that A(A) C A 0 A. 

Then, (A, A|iv) is a l.c. quantum group if and only if R{N) = A and Tt(N) = A for all t G M. 

Proof. If (A, A|iv) is a l.c. quantum group, the inclusion map is a morphism and we know that P(A) = A 

and Tt{N) = A for all t G M. So, we only have to prove the converse implication. 

Define a := A|iv, which we consider as a left action of (M, A) on A and (3 := A°p|iv, which we consider as 

a left action of (M, A°p) on A. Ghoose an n.s.f. weight 9 on N and define 

ut := [D9oa: D9]t £ M (g) N , wt := [D9 o p : D9]t £M®N . 
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We will show that there exists a (erf )-cocycle (vt) in N such that Ut = )(1 ® Vt) for all t £ K. If we then 

correct the weight 9 with the cocycle {vt), we find a left invariant weight on {N, AIat). 

Because a{N) C N ^ N, we can use the argument of the proof of Proposition 3.12 in |l^ to conclude that 
Ut € N ^ N and analogously, Wt € N 0 N for all t £ K. Remark that at this point, we use in a crucial way 
that R and r* leave N globally invariant. 


By Theorem 10.3, we know that (A 0 


{l (8) A)(ut)(l (8) u-t), which we can rewrite as 


{A^ L){utW) = {utW)i3{utW)23 with Ut = (J (8 (J (8 J) . 


Because Ut £ M®M', the corepresentation UtW is covariant with respect to the standard representation of M 
on H in the sense that A(a;) = {utW)*{l®x){utW) for all x £ M. As we remarked after Definition 2.4 in [^, 
this gives the existence of faithful, normal *-homomorphisms iti : M —> B{H) satisfying (t(8 7r()(lT) = UtW. 

On the other hand, we have analogously, 

(A°P 8 i){wt ER*S) = {wt ER*S)i 3 (wt ER*S)23 where w* = ( J 8 JX(J 8 J) • 


So, Wt Ty*Yj is a corepresentation of (M, A°p) which is covariant with respect to the standard representation 
of (M, A°P)' = M'. For the same reason as above, we find faithful, normal *-homomorphisms 7r( : M' B(i/) 
satisfying (i 8 7r()(Elk*E) = Wt 


Applying Lemma 10.4 to the actions a and (3 (with m = t). 


we find that 


(i 8 A)(z(;t)(l 8 Ut) = (cr 8 (•)(('• ® A°P)(Mt)(l 8 Wt)) , 


which can be rewritten as 

(ER*S Wt)i 3 and {Wut )23 commute . 

This means that the ranges of and commute. 

Write tt{x) = x for x G M. Define Ut := ( tt ^ 8 l){V*) (tt 8 i){W*) {■nt 8 t){y) with V = {J ® J)W*{J 8 J)- 
Checking it on a slice of W, we get that (ftt 8 t)A°P(x) = (tt 8 t)(W)(7rt(x) 8 l)(7r 8 6)(IT*) for all x £ M. 
So, ^ 

(tt 8 i)(lT*) (^t 8 i'){V) (1 8 a) = {fftia) 8 l)(7r 8 ( tt * 8 (•)(T) for all a G M . 

So, we arrive at 

Ut{f ® a)Ut = r^t{a) ® 1 for aGM, Ut{f®h)Ut='K{h)®l for bGM, 

where the second formula is checked in an analogous way as the first one. Because MM is strongly dense 
in B(iJ), it follows that there exist normal, faithful, *-homomorphisms : B(iL) ^ B(iJ) such that 
Ut{l 8 x)Ut = 4>t(x) 8 1 for all x G B(iL). It is also clear that the map 1 1 —> 4't(a:) is strong*-continuous for 
all X G B(iJ). 

We prove that 4>t(B(iL)) = B(iJ). So, suppose that x G 'I'((B(7J))'. Because 4't(a) = a for a £ M, it follows 
that X G M' and we write y = JxJ G M. Further, x G 7tt(M)', which means that 1 8 x commutes with 
UtlV. Hence, 1 8 J/ commutes with Wut- So, 

A(?/) =ut(l0y)uf . 

From this, we conclude that A°P(y) G M ® N and obviously (A°p 8 t)A°P(y) = (6 8 /3)A°P(y). This gives us 
that A°p( 2 /) £ /3(A) and hence, y G N. So, 

a(y) = ut{l 8 y)ut = W*(l 8 cr® t(?/))V"** , 

from which we conclude that A(cr® ((j/)) = 1 8 cr® ^(y). We finally find that cr® ((y) £ C and so, y G C. This 
proves that 4>t(B(iJ)) = B{H). 

So, dtj is a family of isomorphisms of B(iL) which is pointwise strong*-continuous. It is then easy to find a 
strongly continuous family (vt) of unitaries in B(iJ) such that = Ad fit for all t G M.. Because 4't(a) = a 
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for all a G M, we get Vt G M'. We define Vt := Jv^J and conclude from the equation (t 0 nt){W) = UtW 
that 

ulW* = {1 ® vl)W*{1 ® Vt) and hence, rtt = A(uJ')(l (g) u*) . 

But then, we observe that A(r!t) G A (g M, because Ut £ N (gi N, and the same reasoning as above yields 
Vt £ N for all t G M. So, we write Ut = a{vt){l g Vt). 

Because Ut = [D9 : D{Tt^ g 0)]t, we know that Ut+s = Ut {n g af){us). So, we can calculate 

g vt+s) = Ut+s = Ut in g CTf)(a(v*)(l g Vs)) = V**(V“** g V^**) (n g CTf)(a(Vs)(l g w^)) 

= V*‘a(v:)(l g v.)(V-^‘ g V,-*‘) = aiativ:)) ut (1 g (v.)) 

= a(f7-f«)0(lgt’iCTt(vs)) . 

It follows that Vt(j( (vs)vj‘_|_s is invariant under A and hence, a scalar. We find a continuous function 
A : ^ T such that Vt+s = X{t,s)vtafivs). It is then easy to check that A is a 2-cocycle and so, 

necessarily, a 2-coboundary. This means that there exists a continuous function /i : R ^ T such that 
A(t, s) = /r(t)/i(s)/x(f -I- s). If we replace Vt by fj,{t)vt, we still have Ut = a(V( )(1 g Vt) and we get moreover 
that Vt+s = utcrfivs) for all s,t G R. Because the map t Vt is strong*-continuous, it follows that (vt) is a 
(crf)-cocycle. 

So, there exists a unique n.s.f. weight (pN on N such that [Dippf : D9]t = Vt- Then, 

[DpN ■■ -D(Tr,^ g ipN)]t = [D(pN ■ D9]t [D9 : £>(Tr,^ g 6»)]t [£>(Tr,^ g 9) : £>(Tr,^ g ipN)]t 
= a(vt) Ut (1 <S> Vf) = 1 . 

So, [DipN o 01 : DLpiq]t = 1, which means that ((. g (pAr)a(a:) = pNix) 1 for all x £ Hence, pjv is a left 

invariant weight on (A, Aj^r). 

Because i?(A) = A, we can restrict R to N and we find an anti-automorphism of A that anti-commutes 
with A\n- So, we also get a right invariant weight and (A, AIat) is a l.c. quantum group. □ 
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